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§1: cAc bAt dAng thug phu 
chlTng minh bAt dAng thug 

a. bAt dang thlTc DPI XtTNG _ 

Bai 1: Cho 2 so thyc x, y thay doi thoa x 2 +y 2 = 2. Tim gia tri Ion nhat va gia tri nho nhat cua bieu 
thuc P = 2(x 3 +y 3 )-3xy 

Bai siai 

P = l[x 3 + y 3 )-3xy = 2(x+y)(x 2 -xy + y 2 )-3xy = 2(x + y)(2-xy) -3xy 
Bat t = x + y. DK: |t|<2 xy =~ L 
P = -t 3 -^t 2 +6t + 3 , voi |f|< 2 

Xet f(t) = -t 3 -^f 2 +6t + 3 tren [-2,2] => /'(?) = -3t 2 -3? + 6;/'(t) = 0 <=> ^ 

Taco/(l) = ^;/(2) = l;/(-2) = (-7) 

f _ 1 + V3 f _ 1-^ 

. . 13 13 fx + y = l \ x ~ 9 9 

max / (t) = — khi t = 1 nen max P = — 

W U 2 2 [x 2 + y 2 = 2 1 -J 3 1 + ^3 

r 2 r 2 

.x fx+y = -2 

min f(t) = -7 khi t = -2 nen minP = - 7 < . , <s>x = y = -l 

[-«] w [x 2 + y 2 = 2 


Bai 2: Cho x > 0 va y > 0 thoa dieu kien x + y = 2 .Tim gia tri ldn nhat cua bieu thuc P = xy h--—. 

xy +1 

Bai siai 

Ta co 0 < xy < ^ = 1 • Bat t = x y-> dieu kien 0 < t < 1 khi do 


p=f(<)= 


i 

/- 1 — 


t +1 


r(‘)= i- 


(*+i) 


± ± 2 ) 

( t + l) 2 


Bang bien thien 
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1 
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/ / /o 

+ 

1 / / 


' / / A 


^7 3 ! ! 

p 

/ / /I 




7 / / 1 ^ 


2; / 


Vay GTLN P = | Khi x = l;y = l 


Bai 3: Cho a,b> 0 thoa man 2[a 2 +b 2 ^ = ab 1 . Tim gia tri nho nhat cua bieu thuc 
p_ a | b | 1 

b +1 a + 1 sj a 2 +b 2 +1 


Bai giai 

Taco a 2 b 2 = 2[a 2 +b 2 ^>(a+bf ab>a+b 
a 2 +& 2 +1 = (a + &)“ -2a& + l< (a + &) 2 -2(a + /?) + l = (a + /?-l) 2 
=> ■> Jet 2 +b 2 +1 < |u + b — 1| 

1 


p U+i + 1 J + U+r*j ‘ T Va 2 +i 2 +1 

= (a + d + l)f—!— + —!—) + -t= 1 -2 

V a + 1 & + ly Va 2 + & 2 +1 

>(a + 6 + l) + T t — 2 

u + Z? + 2 |u + £> —1| 

Bat t = a+b, taco 

(a + fc) 2 < 2(a 2 + fc 2 ) = (afc) 2 < => a +b > 4 

Xet /(0 = “^~—~ + — —2;r>4 taduoc 

W t + 2 f-1 

Mini 3 = M inf (x) = ^ khi x-y = 2 


Bai 4: Cho x, y la cac so thyc du'ong thoa man xy + x + y = 3. Tim gia tri lbn nhat cua bieu thuc: 

_ 3x 3 y xy t 2 2 \ 

y+1 x+l x+y v ’ 


Bai siai 

Dat t = x + y=>xy = 3-f, x 2 + y 2 =(x+y)~ -2xy = t 2 -2(3-t) = t 2 + 2t-6 
Ta co xy < + =>3-t<^-t 2 >2 
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3(x 2 + y 2 ) + 3(x+y) xy , 2 ^ 2 12 5 

xy + x + y + 1 x+y v ' t 2 

Xet ham s6 / (t) = -t 2 +1 + — - ^ vdi t > 2 
2 

Taco f'(t) = -2t + l~ — <0, Vt > 2 . Suy ra ham so f(t) nghich bien vdi t > 2 
^P<f(l)<f( 2) = | 


Vay gia tri Ion nhat cua P bang - khi x = y = 1. 


Bai 5: Cho x, y la hai so thyc thoa man dieu kien (x + y) 3 + 4xy > 2. Tim gia tri nho nhat cua bieu thuc 
P = 3(x 2 + y 2 ) 2 - 2(x + y) 2 - xy(3xy -4) + 2015. 


Bai giai 

Voi moi so thyc x, y ta luon co (x+y) 2 > 4 xy , nen tu dieu kien suy ra 

(be + y) 3 + (x: + y) 2 > (x: + y) 3 + 4xy > 2 => (x: + y) 3 + (be + y) 2 - 2 > 0 => x: + y > 1 Ta bien doi P nhu sau 
P = |(x 2 + y 2 ) 2 +|(* 2 +y 2 ) 2 -2(x 2 + y 2 +2xy)-xy(3xy-4) + 2015 

= |(* 2 + y 2 ) 2 + |(x 4 + /) -2(x 2 + y 2 ) + 2015 (3) 

Do x 4 + y 4 >^J_nen tu (3) suy ra P > x 2 + y 2 ) 2 -2(x 2 + y 2 ) + 2015 . 

Dat x 2 + y 2 =t thi t > ~ (do x + y > 1). 

, 9 1 1 9 1 , 

Xet ham so f(t) = —t -2t+ 2015 vdi t> — , co f'(t) = -f-2> 0, vdi t > — nen ham so f(t) dong bien 
tten | ^;+co |. Suyra min f(t) = /f|j = . 


■It* 


32233 1 

Do do GTNN cua P bang-, dat duoc khi va chi khi x = y = - 

& 16 2 


Bai 6: Cho cac so duong x, y. Tim gia tri Ion nhat cua bieu thuc: 
1 1 2 


V* 2 +3y 2 yj3x 2 + y 2 3(x+y) 3 


Xet bieu thuc P = 


Trudc het ta chung minh 


Bai siai 

1 | 1 _ 2 

yjx 2 +3 y 2 yj3x 2 + y 2 3(x+y) 3 

1 12 


V* 2 +3y 2 sl3x 2 + y 2 x+y 
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<2 


8 (* 2 + y 2 ) 


sjx 2 +3y 2 yj3x 2 + y 2 J U 2+3 T 2 3 x 2 + y 2 ) (a ; 2 + 3y 2 )(3* 2 + y 2 ) 
8(x 2 + y 2 ) 4 4^2(x 2 + y 2 )(x+y) -(x 2 + 3y 2 )(3x 2 + y 2 )J 

x 2 +3y 2 )(3x 2 + y 2 )(x+y) 2 

-4(^-y) 4 _ 1 1 2 


xet i x 2 + 3 y 2 )i 3 x 2 + y 2 ) (■ x+ y) 


r < 0 - 


(x 2 +3y 2 )(3x 2 + y 2 )(x + y) 2 yjx 2 +3y 2 ^3x 2 + y 2 x+y 

=” xay ra 
Nhu vay, P < - 


Dau “=” xay ra khi x = y 

2 2 


* + y 3(x+y) 


Bat, t =- ,t> 0. 

x+ y 

2 r 3 

Xet ham so /(t) = 2t - — => / '(0 = 2-2 t 2 \f '(f) - 0 <=> f = ±1 
Bang bien thien 



Tir BBT ta thay GTLN cua/(f) la | khi t = 1. 

Vay, GTLN cua P la - khi x = y = - 
_ _ 3 ^ 2 

Bai 7: Voi moi so thuc x,y thoa man dieu kien 2 (jc 2 + y 2 ) = xy + 1 

Tim gia tri Ion nhat va nho nhat cua bieu thuc P = X + ^ 

2xy +1 

Bai giai 

Dat t -xy . Taco: xy + l = 2^(x + y)~ -2xy]>:-Axy =>xy >-^ 
Va xy + l = 2^(x-y) 2 + 2xy J >4xy =>xy < i nen 
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_ {x 2 + y 2 f-z* 2 y 2 _ -it 2 +it +1 


Suyra: P = 


2xy + \ 


4(2?+ 1) 


a - It 2 + 2?+ 1 , v 7 {~ t 2 - t ) 

Xethamso f ( t ) = —7-— co / (?) = —-f;/ (?) = 

U 4(2?+ l) 2(2f + l) 2 U 

, , 1 2 

Vay gia tri Ion nhat bang — , gia tri nho nhat bang — 


0 <^> 


'f = 0 

.« = -!(') 


/?«/ 8: Gia su x, y la cac so thuc duong thoa man 3(x+ y) 2 = 4(x 2 + y 2 + l) . Tim gia tri nho nhat cua 


bieu thuc P = 


x+2y 2x+y 


x 2 +2y 2 2x 2 +y 2 


Ta co 


x + 2 y 1 


Bai siai 

3 . xy 3 


x 2 + 2y 2 x+y (x 2 + y 2 ) + y 2 x+y 2xy + y 2 x+y 2x+y x+y 


T . , ~ r 2x + y 1 ^ y 3 

Tuong tu, ta cung co —7^-< ———.- 

2 x +y x + y x + 2y x+y 

r ~ r X y 2 y. r 7 r y r 

Mat khac, ta cung co-+ —-— < -, vi bat dang thuc nay tuong duong voi 

2 x + y x + 2y 3 

x 2 + y 2 +4xy 2 i .I 

—-——-—— <-, hay (x-y) >0 
2x~+2y +5xy 3 ^ 

Tu do taco P ——<(——— + —-—= —^—. Suyra P<—^— 


x + y 1^2x + y x + 2y J x+y 3 x + y x + y 
Tu gia thiet ta lai co 3(x+y) 2 = 4(x 2 + y 2 ) + 4>2(x+y) 2 + 4 
Suy ra (x + y) 2 >4, hay x+y > 2 (2) 

Tu (1) va (2) ta co P<2. Dau dang thuc xay ra khi va chi khi x = y = 1 
Vay gia tri Ion nhat cua P bang 2, dat duoc khi x = y = 1 


Bai 9: Cho hai so duong x, y thoa man x 2 + y 2 = 1 .Tim gia tri nho nhat cua bieu thuc 


P = (x+l)^l+ij + (y+l)^l+iJ. 


Bai siai 


Dat x+y = ?=>xy = ~~ Biendoi P = x + y + - 


„ 2(f + l) 2 

- + 2 = t + A -- + 2 = ? +-+ 2 


Co (x + yf >4xy=>t 2 >4*—^-=>t 2 <2 
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Lai co 0< x, y <1=> x>x 2 ,y > y 2 =>*+>> >1. vay \<t < 
Xethamso f(t) = t + -^ + 2 tren nua khoang (l;V2j 
Co /(V2) = 4 + 3V2 
Ketluan: min P = min fit) = 4+3^2 


Bai 10: Cho x va y la hai so thuc duong thay doi thuoc niia khoang (0;1] va x+y=4xy. Tim gfa tri Ion 
nhat va nho nhat cua bieu thuc: P= x 2 y+xy 2 - - \ Xr + \ I. 

6 U 2 y 2 ) 


Taco: 4xy = x+y >2.y/xy=> xy >-L 


Bai giai 


jc; y g (0; 1] => (1 - Jt)(l -y)>0=>l-(x+y) + xy>0=>l- 4 xy + xy>0=> xy<~. 

p = x 2 y + xy 2 -M -7 +_ T= xy(x+y)- 
61 y ) 6 


=4to) 


Bat t = xy thi P = t 2 +-= fit) vdi 

3 1 3 


1 (x+ y) 2 ~2xy l 
6[_ (xy) 2 J 

ri ii 

Ji te\ . 

L4 3j 

/ \t) = St-^-y= 24 ^ 2 1 < 0, Vt e ^^j suy ra f(t) nghich bien tren doan ^i 

Do do /(!),/(,),/(l),v, e [i ; I]. 

13 1 

maxP =-dat duoc khi va chi khi x = y = —. 

12 ’ 2 

minP = - —dat duoc khi va chi khi x = l;y = -hoacx = -;y =1. 

9 3 ‘ 3 


Bai 11: Cho hai so thuc thoa man x > 1; y > 1 va 3 (x + y) = 4xy 
Tim gfa tri Ion nhat va nho nhat cua bieu thuc: P = x 3 + y 3 +3 

Bai siai 

Dat t = xy vi x> \ nen 3(x+ y) = 4x.y 3x 2 + 3xy = 4 x 2 y oxy= 

4x-3 

Co 3(x + y) = 4xy <=> x = 3 y (vi y > 1). Xet ham so /(y) = 3 y tren [1; +qo) co 
4y-3 4y-3 

f'iy) = ————y <°> v y e [h+°°) => f (y) ^/(i) = 3=>i<x<3 
(4y-3) 
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Xet ham so g(x) = — tren [1;3] => - < g(x) < 3. Vay t e [-;3] 

4x-3 4 4 


Khid 





12 64 
’ t + 9 


r f,4r 1 ? Q 

Xet ham so Pit) =-4 1 2 - 1 voi t e [—; 3] 

27 t 9 4 

Taco - 8 f 2 -^ = 8 tf—+ >0,V re[—;3] 

9 t 2 v9 J t 4 

2' 

xP = P( 3) = - 

#(?: 


Vay MaxP = P( 3) = — tai ? = 3 ^ i ^ 3 

9 • jx+ y = 4 [y = l’[y = 3 


9 I xy = - 3 

tai t = -o \ 4 <=> x = y = — 

' 4 U, = 3 2 


Bai 12: Cho cac so thuc duongx,y thoaman x + y <1. Timgiatrinhonhat cuabieu thuc 


„ 1 1 

A = xy + —H j 
x y 


Bai giai 


11 2 
Taco P = xy+— + — >xy + — 


Bat t = xy ta co 0<t=xy<|^pj < i 

Khi do: P = t+- = 32t+--3lt>2j322- — = 16- — = — 
t t 444 

Dau dang thuc xay ra khi va chi khi x = y = z = — 

33 

Vay min A = — 


Bai 13: Cho cac so thuc x, y thoa man (x - 4 ) 2 + (y - 4) + 2xy < 32. Tim gia tri nho nhat cua bieu thuc 
A = x 3 + y 3 +3(xy-l)(x+ y-2). 


Bai giai 

Ta co (x-4 ) 2 + (y-4) 2 +2xy <32<»(x+y) 2 -8(x + y)<0<»0<x + y <8 
A = (x+y) 3 -3(x + y)- 6 xy + 6>(x+y) 3 --^(x+y) 2 -3(x + y) + 6 . 

Xet ham so: f{t) =t 3 --t 2 -3t + 6 trendoan [0;8]. 
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Taco f\t) = 3t 2 -3t-3,f\t) = 0<^t = ^^-hoac t = 1 ^ (loai) 

Taco /( 0 ) = 6 ,/j- 17 ~ 4 5 ^ ,/( 8 ) = 398. Suy ra 


Khi x = y = ] -^-th\ 


thi dau bang xay ra. Vay gia tri nho nhat cua A la —— 
4 ' 4 


Bai 14: Cho cac so thyc duong a,b thoa man a 5 b + ab 5 + 2<{ab + \f . Tim gia tri Ion nhat cua 

„ 1 1 Sab + l 

P = - 7 +- 7 +- 

1 + a 2 1 + b 2 2 + 4 ab 


Bai giai 

Taco (ab + 1) 2 > a 5 b + b 5 a + 2 > 2 + ab(a 4 + b A ) >2 + 2a 3 b 3 =>\> ab> — 


Kh i do ta co BDT quen thuoc : 


1 


1 


1 + a 2 1 + b 2 1 + ab 


> P < 2 + 8a ^ + 1 . Xet ham so f(t) = ^— + 8? + 1 vdi r = ah;te[-;ll 

1 +ab 2 + 4 ab 1 + f 4f + 2 |_2 J 

1 31 1 

>/( t) max = /(-) => p =-o a = b = -= 

max 2 ,mx 12 y/2 


Bai 15: Cho x, y la cac so thirc thuoc (0;1) thoa man 

cua bieu thuc P = 1 + 1 + 4xy - x 2 - y 2 

v 1 +x 2 yjl + y 2 


(x 3 + y 3 )(x + y) 
xy 


= (1 - x)(l - y). Tim gia tri Ion nhat 


Bai gidi 

Ta co: (1 - x)(l -y)= + - y + y ) <^>l + xy-x-y> 4xy <s> 1 > 3xy + x + y > 3xy + 2 Jxy 

1 


Xet P = 


y/l + X 2 yjl+y 2 

1 1 


: + 4xy - x : 
. 2 


e 2 - y 2 < —j=J= + 1 +2xy<y/2. C 


yjl + x 2 Jl+y 


■Jl+X 2 Ji+y 


■ + 2xy vi 


x,ye( 0 ;l)=>-- T + -- r <-- (*) 

1 + x - 1 + y 1 + xy 


That vay (*) <=> (2 + x 2 + y 2 )(l + xy) < 2(1 + x 2 )(l + y 2 ) <^> (x- y) 2 (l - xy) > 0. Luon dung vi x, y e ( 0 ; 1 ) 


2 ( ll 

Suy ra P < — = + 2xy, xy e 0; - 

Jl + xy \ 9J 


Xet ham so f(t) = . 2 +2 t,t e [ 0;- . Co / =- ; - 

VT+7 l 9 J (1+0VTT7 

56 A „ 56 1 

Vay P < f - = —= nen maxP = —= <» x = y = - 
9^0 


1 +2 > 0, Vt e ( 0;- 


" 9-s/To 
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Bai 15b: Cho cac so thyc duong a,b,c thoa man dieu kien a 5 h + ab 5 + 2 < (ab +1 ) 2 . Tim gia tri Ion nhat 
1 1 Sab + 1 


cua bieu thuc P = - 


1 + a 1 + b 2 + 4 ab 


Bai gidi 

Taco (ab + 1) 2 > a 5 b + b 5 a + 2 > 2 + ab(a 4 + b A ) >2 + 2a 3 b 3 =>\> ab> — 


Khi do ta co BDT quen thuoc : ■ 


1 

1 + b 2 


, 2 
: l + ab 


2 Sab + l N 2 8f + l , j 

> P < -+-. Xet ham so f(t) =-+- voi t = ab;te\ 

l + ab 2 + 4 ab 1 +1 4t + 2 \ 


1 31 1 

=> f(t) max = f(-)^>P max = — <^a = b = -2= 

m ° X 2 max n ^ 

B. BAT DANG THtfC KHONG DPI XtTNG 

Bai 16: cho x, y la so khong am thoa man x 2 + y 2 = 2. Tim GTLN va nho nhat cua: 

P = 5(x 5 + y 5 ) + x 2 y 2 (5^2xy + 2-4xy + 12) 

Bai gidi 

Ta co 0<x,y<y/2=>\ X ^ ~ ° => x 3 + y 3 < y[2(x 2 + y 2 ) = 2^2 

[y 2 (y-V 2)<0 

4 = (l 2 + l 2 )(x 2 + y 2 )>(x+y ) 2 =>2>x+y 

=> 2(x 3 + y 3 ) > (x + y)(x 3 + y 3 ) > (Jx.yf^ + Jy.yfy 3 ) 2 = 4 x 3 + y 3 > 2 

Bat t = x 3 + y 3 . Ta co : t e [ 2 ; 2 ^ 2 J 

Ta co 2 = (x 2 + y 2 ) 3 = x 6 + y 6 + 3x 2 y 2 (x 2 + y 2 ) = x 6 + y 6 + 6x 2 y 2 = (x 3 + y 3 ) 2 - 2x 2 y 3 + 6x 2 y 2 
=^> 2 x 3 y 3 -6x 2 y 2 =t 2 -8 

2 (x 3 + y 3 ) = (x 3 + y 3 )(x 2 + y 2 ) = x 5 + y 5 +x 2 y 3 +x 3 y 2 =x 5 +y 5 +x 2 y 2 (x + y) 

=> x 5 + y 5 + x 2 y 2 (x + y) = 2 1 
P = 5(x 5 + y 5 ) + x 2 y 2 (5^/2xy + 2 - 4xy + 12) 

= -Ax 3 y 3 +12 x 2 y 2 +5(x 5 + y 5 ) + 5x 2 y 2 yj2 + 2xy 

= -2(2x 3 y 3 - 6 x 2 y 2 ) + 5(x 5 + y 5 ) +5x 2 y 2 Jx 2 + y 2 +2xy 

= - 2 (t 2 - 8 ) + 5^x 2 + y 2 + 2 xy + x 2 y 2 (x + y)J = - 2 t 2 + 10 ?+ 16 = f(t) 

f' (t) = -At + 10 ; f' (t) = 0 1 = | e [ 2 ; 2^2 ] 

Ta co: /( 2 ) = 28,/(|) = y va /(2>/2) = 20 V 2 

Vay MinP = min^^ f(t) = /(2) =28 va Max / 3 = /(|) = y 
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Bai 17: Cho 2 < x < 3 < y . Tim gia tri nho nhat cua B = 


2x 2 + y 2 + 2x + y 


Bai giai 

Xethim so g(y): 2 ^ + /+2jc+y = + £Q--y6i 2<*<3< y (0.25d) 

xy y x 

= ,g'(y) = 0oy = j2x(x+l) (0.25d) 

Thay min g(y) = g ( y /2x(x + l)') = 2>/2^ + 1 + ^ 

Xet ham so f(x) = 2y/2 I-+ 1 + -, 2 < x < 3 c 6 f\x) = - \ < 0 nen f(x) nghich bien tren [2;3] 

\x x 2 1 x 

X Jx +1 

do do min f(x) = f(3) = (0.25d) 

Do do B > + 1 , dau “=” xay ra khi x = 3 va y = 2y/6 


Vay min B 


4>/6+l 


Bai 18: Cho x, y la hai so thirc dirong thoa man 2x + 3y < 7. Tim gia tri nho nhat ctiabieu thuc: 
P = 2xy + y + <j5(x 2 +y 2 )- 24^/8(x + y) - ( x 2 + y 2 + 3) 


Bai giai 

Taco: 6 (x + l)(y +1) = (2x + 2)(3y +3)<\ 2x + 2 + 3y + 3 \ <36^x + y + xy<5 


Ta co 5(x 2 + y 2 ) > (2jc + y) 2 => ^5(x 2 +y 2 ) > 2x + y va’ 

(x + y - 3) 2 = x 2 + y 2 + 9 + 2xy - 6x - 6y > 0 
<=> 2(x + y + xy + 3) > 8(x + y) - (x 2 + y 2 + 3) 

Suyra P > 2 (xy + x + y) - 24^/2(x + y + xy + 3) 

Bat t = x+ y + xy,t e (0;5] ,.P > f(t) = 2t-24y/2t + 6 

Taco /'(r) = 2 - 24,2 =2 ^ + 6) ~ 8 <0,VfG(Q;5] 

3^1 (2t + 6) 2 %](2t + 6) 2 

Vay ham so f(t) nghich bien tren nua khoang (0;5] 

Suy ra min f(t ) = /(5) = 10 - 48^/2 
fx = 2 


Vay min P = 10 - 48^/2 , khi 


y = 1 
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Bai 19 : Cho cac so thuc x, y thoa man dieu kien Ax 1 + y 2 < 8 Tim GTLN, GTNN ciia : 

p (2x + 6) 2 +(y + 6) 2 +4xy-32 
2x + y+ 6 


Bai giai 

Taco 8>4x 2 + y 2 > (2 *+ y ^ (2x+ y) 2 < 16 <=> -4 < 2x+ y < 4 <=> 2 < 2x+ y + 6 < 10 

4 

Taco : P = 2x+y + 6 + -. Bat t = 2x+ y + 6,t e [2; 10] 

2x + y + 6 

Xet hamsd: /(r) = f + -;f e [2;10] => / / (0=1-^ 


f : /' w " oo [! 


= 2 

= -2{loai) 


Taco: /(2) = 4,/(10) = y 

Vay GTLN ciia P bang y o j* ^ ^ 


Vay GTNN cua P bang 4 \ * 

[y- 

= 1 

= -2 

Bai 20: Cho i,yeR thoa man < 

2y>x 2 , 2 

. Tim gia tri nho nhat cua bieu thuc P = x +y + - T ■ 


y<- 2x 2 +3x (x + y) 


Bai giai 

Tir gia thiet ta co y >0 va y <- 2 x 2 + 3x=>0<x< ^ vax 2 + y 2 <x 2 +(-2x 2 + 3x ) 2 =2x 2 (2x 2 -6x+5) 
Xet ham so f(x) = 2x 2 (2x 2 - 6x +5); x e |^0; ^ j ta dirge Max fix) = 2 => x 2 + y 2 < 2 

p={x 2 +y) I -2xy+—Tjz(x' + /) 2 - (- 

(x+y) 2 x +y 

Dat t = x 2 + y 2 =>P> — + — ,0<t<2 
2 t 

^ j.2 r\ 9 t 3 _ 2 

Xet ham so g(t) = — + - , t e ( 0 ; 2 l =^> g\t) = t- — = — —;g\t) = 0ot = l/2 
2 t t t 

Lap bang bien thien ta co Min P = yy khi x = y = ^y 


Bdi 21: Cho cac so thuc duong a, b thoa man a 2 + 2b = 12 . Tim gia tri nho nhat cua bieu thuc: 

D 4 4 5 

P = ^- + ^- +- 7 

« b 8 (a-b) 


Tir gia thiet va bat dang thuc CoSi ta co: 


Bai giai 
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a 2 + 2b = 12 o a 2 +4 + 2b = 16 o 4a + 2b <16 2-jAa.2b < 16 <=> 0< ab < 8 


-pv A r _ ^ a 2 b 2 ( 4 4 \ ab 5 1 (a 2 b‘ 

64 U b 4 J 8 8 (a-b) 16 [b 2 a 


Dat t = — + — (t>2), taco P> — 1 2 + ——- 
b a 16 64 t-2 8 

Xet ham so fit) = — r + —.- tren (2;+qo) 

16 64 f-2 8 

Taco = i— 5 -;jT'(0 = 0<=>r = — 

8 64 (t- 2) 2 2 


1 


Tir bang bien thien ta co min fit) = f 


f-V- 

U J 64 


Suy ra P > —, dau bang xay ra khi a = 2, b = 4. 

64 

, ' 27 

Vay P dat gia tri nho nhat bang — khi a = 2, b = 4. 


64 ’a b _ 
b a 



Bai 22: Cho x,y la cac so thyc thoa: x+y = 26yJx-3 + 3^/y-2013 + 2016Tim gia tri nho nhat va gia 

tri Ion nhat cua bieu thuc m = (* - 1) 2 + (y - 1) 2 + 2016 + 2 xy^jx+y+l 

■sfx+y+1 


Bai giai 

M = x 2 + y 2 + 2xy-2x-2y + 2 + — 2016 = (x + y + l ) 2 -4(x + y + l) + 5 + — 2016 Dat t = yjx + y +1 thi 


yjx+y + l 


Jx+y + 1 


A- A JT 4 A 2 C A O 

ta drroc M = t - 4r + 5 H- 

t 

Dieukien cua t. Dat a = yjx-3\b = <Jy- 2013 ta duoc jc = a 2 + 3; y = b 2 + 2013 va 
a 2 +3+Z ? 2 + 2013 = 26a + 3Z? + 2016 
oa 2 +b 2 = 26 a + 3 b< ^(26 2 + 3 2 )(a 2 + b 2 ) 

Hay 0<a 2 +b 2 <\/685 

Tir do ta duoc x+y + l = a 2 +Z ? 2 + 2017 e [2017;2072] nen t &d = [V2017;>/2072] 
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2016 


Xethamso /(i) = t 4 -At 2 +5h - ,teD 

/ .( t ) = ^-8>-^ = 4>5 - 8> ;- 2016 = 4,4 ( t -^- 2016 >0V t6 |V2017;V2072| 
Suyra /(?) dongbientren D 

max M = f (V2072) = 4284901 + — khi t = V2072 ta dirge 


a 2 +b 2 =685 
a _b 
26 ~ 3 


a = 26 
= 3 ^ 


x = 679; y = 2022 

minM = /(>/2017) = 4060226 + khi t = V2017 hay * = 3; y = 2013 


Z?ar 23: Cho cac so thuc jc, y thoa man x + y- 1 = \jlx-4 + ^Jy + l . Tim gia tri Ion nhat va gia tri nho 

nhat cua bieu thuc: S = (x+y) 2 - yj9-x-y + . ■ 

y/X+y 


Bai giai 

Bieu kien: x > 2 ; y > — 1;0 < x+ y < 9; 

Ta co 

0<x+y-l= 42.4x-2 +1 .yjy + l < • s /3(x+ y-1) =^> (x + y- 1 ) 2 <3(x + y- 1) 
^ 0 < x+y-1 < 3 1 < x+y < 4. 

Bat t = x+y,t e[l;4], taco S =t 2 -y/9-t +^= 

y/t 

S '(t) = 2 1 + —-3-p > 0, Vr e [1; 4]. Vay S(t) dong bien tren [ 1 ;4]. 

2 tyft 

S nm =S(4) = 4 2 -y/9^4 + ^= = 33 - 2 '^ ox = 4-,y = 0; 

V 4 2 

=S(l) = 2-2^or = 2;y = -l. 


Bai 24: Cho a, b la cac so thuc thoa man a + b = 2yfa + 2 + 3 yjb - 2014 + 2012 . Tim gia tri Ion nhat va 

, , u a. , u .a „ / - \2 /, 1 \ 2 20l5 + 2abyla + b + l 

nho nhat cua bieu thuc T = {a- 1) + lb- 1) +-- . 

ya+b+l 


Bai giai 


r-(a + ft + l) 2 -4(a + fe + l) + 5+ 2 ^— 

ya+b+1 

2015 

V2026 

2015 
V20l3 


Max = T = 4096577 + 
Min = 7 = 4044122 + 
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Bai 25: Cho hai so thuc dirons x, y thoa man 4(x 3 + 8 v 6 ) = 1. Tim sia tri Ion nhat cua bieu thuc : 

p _ (x + 2 y 2 + 2) 3 

5(x 2 + y 2 )-5(x + y) + 3 


Bai giai 


\/a,b> 0 taco: A{a 3 +b 3 )>{a+b) 3 (1) 


That vay 4(a 3 +b 3 ) > a 3 + b 3 +3ab(a +b) <=> 3(a 3 +b 3 )>3ab{a +b)o(a +b){a 2 -ab +b ) >ab(a +b) 

<^>{a+b){a 2 -2ab + b 2 )>0o(a + b)(a-b) 2 >0 ( 2 ) 

Vi a,b>0 nen (2) luon dung. Dau “=” xay ra khi a=b 

Suy ra (1) dugc chung minh. 

Ap dung BDT (1) vdi a = x;b = 2y 2 , ta co: 

1 = 4(x 3 + 8 y 6 ) = 4[x 3 + (2y 2 ) 3 ] > (x + 2y 2 ) 3 => x + 2y 2 < 1 

Lai co: 5(x 2 + y 2 ) - 5(x + y) + 3 = 5x 2 - 5x + 5y 2 - 5y + 3 


Do do: P - 2 (X+ 2 2y2 + 2)3 < (1+ , 2)3 -54.Tac6:/>=54khi < 

5(x 2 + y 2 ) - 5(x + y) + 3 J. 

4(x 3 + 8 y 6 ) = 1 

„ - 1 
x = 2 y ox = y = - 

i 

2 

Vay gia tri Ion nhat cua bieu thuc la P Max = 54, dat dugc khi x = y = 

r y= 2 

1 

2 

Bai 26: Cho hai so thuc x, y thoa man x 2 + y 2 =1 . Tim sia tri Ion nhat va sia tri nho nhat cua bieu 

thuc: p- ri^ + 1)! • 

2 y 2 + 2 xy + 1 



Bai giai 

Tir gia thietx 2 + y 2 = 1 , P dugc viet lai nhu sau: 


p _ y 4 + (xy + l) 2 _ y 2 (x 2 +y 2 ) + 2xy + x 2 +y 2 _2y 2 +2xy + x 2 
2y 2 + 2xy+ 1 2y 2 + 2xy + x 2 + y 2 3y 2 + 2xy + x 2 

Vai v = 0, y * 1 thi y = vai x * 0, dat y = tx . KM do : P = + 2t + 1 

3 ' y 3t +2t + l 

Xetham so = +2 ^ + 1 ta C q TXB: , f(t) = ——— 

U 3t 2 + 2t + l U (3t 2 + 2t+l) 2 

f\t) = 0^-2t 2 -2t = 0^ t Z%-f(0) = lj{-l) = ^;lmf(t)=limf{t) = l 
Bang bien thien 




















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 


t 

-oo -1 0 +oo 

r (t) 

- 0 + 0 - 

/(>) 

| 1 

2 3 


Tir bang bien thien ta suy ra: 

V2 [ = V2 


P max = 1 dat dirge khi t=0 hay |^ 2 "^ <=> j* _ q 1 
Bai 27: Cho x va y la cac so thuc dirang thay doi sao cho log 2 (x + y) = 3 + log 2 x + log 2 y . Tim gfa tri nho 
nhat cua bieu th uc: P= ^ 3 ~' + 3 -. 

_ 3* + 1 +3~ y _ 

Bai giai 

Tu gia thiet log 2 (x + y) = 3 + log 2 x+log 2 y suy ra x+y- 8 xy < 2(x + y) 2 => x + y > ^ 

/o 2x , q-2 y In2x+2y . i i 

Ta co: P =- - -=-.Dat t = 3 x+y .Vi x + y > - nen t > y/3 

3* +I +3“ y 3.3 y +1 ' 2 

Luc do P = ^ +1 = fit). 

3t+\ 

Xet ham so fit) = ^ +1 tren \ V3;+co). 

3r + l l > 



P min = - dat duoc khi t= -1 hay 


\y = -x 
+ / = 


Taco /'(t) =- ^ 3 ;/’(0 = 0of = 3. 

(3r+l)Vr+l 
Bang bien thien 


t 

J3 3 +oo 

fV) 

- 0 + 

/(>) 

2 1 

3V3+1 3 

VTo ^ 
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2 -V 2 

4 

_ 2 + V 2 

4 



x+y = \ 

' x 2 + V2 

Dau “=” xay ra khi va chi khi < 

x + y = 8xy o< 

4 _ hoac \ 

x,y> 0 

11 

1 ^ 
* < 


Vay gia tri nho nhat cua bieu thuc P la -j=. 


Bed 28: Cho x, y la cac so thyc khong am thoa man x + y = 1. 
Tim gia tri nho nhat cua bieu thuc: P = 3 a/i + 2x 2 +2^40+9 y 2 


Bai siai 

Ta de dang CM duoc BDT sau — + — > ^ ai+a ^ ^{ a v a 2 ^v b 2 eR 
b x b 2 b x +b 2 { b x +b 2 > 0 

(tuyet pham Svac-xo) 

Ta co 37172? = 3 + ^ > 3^^ = -?=(3+2x). (1) 

2 ^ 40 + 9 / = 2 ^ 


|40 2 

, 36y 2 

V 40 

4 


(40+6y) 2 (2) 

44 11 

Tu (1), (2)^P>^i(3 + 2jc) + ^(40 + 6 y) = ^(49 + 6 x + 6y)=5^ 
Dau dang thuc xay ra khi x = ^; y = ^ 


Bai 29: Cho hai so thuc duong x, y thoa man x 2 - y 2 = -1 . Tim gia tri nho nhat cua bieu thuc: 

P = 4 + 4 + 2 xy 

y x 


Bai siai 

Taco: P = ^ J +^ T + 2xy = +2+2xy = ( X ~ y 1 +2 + 2xy = ^- T + 2xy + 2 

y x {y xj { xy ) xy 

Ap dung bat dang thuc Cauchy ta co: 

— 2 —— + 2xy + 2 = >— jjg -'fji xy + xy +2>3+5=5 
x y xy 


, , „ ,, . fx 2 — y 2 — 1 l + y/5 —l + y/5 

Dang thuc xay ra khi < ' <^>x = J-;y = ,.- 

[xy = 1 V 2 V 2 


Bai 30: Cho cac so thuc x, y voi x 2 + y 2 = 1. Tim gia tri nho nhat cua bieu thuc 

P = x 6 + 4y 6 

Bai siai 
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Ta co: x * 1 2 + y 2 =1=> y 2 = l-x 2 P = x 6 +4y 6 =x 6 +4(l-x 2 ) 3 

Dat t = x 2 voi 0<t <1. Xet ham so f (t) = t 3 +4(1- 1) 3 . f'(t) = 3r- 12 (l-r ) 2 

Bang bien thien 



Bai giai 


Ta co gia thiet x 2 + y 2 + (3x-2)(y-l) = 0<=>(x + y ) 2 -3(x + y) + 2 = -xy-y 
Yi x, y khong amnen -xy-y < 0 . Suy ra (x + y) -3(x+y) + 2 < 0 <=>l<x+y <2 
Dat t = x+y, khi do te[l;2] 

Ta co P = x 2 + y 2 +x + y + 8-^/4 -x-y <(x + y ) 2 + (x+y) +8.^4-(x+y) =t 2 +t + 8^4-t 
Xet ham so f (t) = t 2 + t + 8y/4-t voi te[l;2] 


4 , 4 

Ta co f'(t) = 2t + l — . , voi moi t e (l;2). Chu y rang / '(t) >3— j=> 0 voi moi t e (l;2) 

v4 —t V 2 

Suy ra f(t) dong bien tren [l; 2 ]. Do do max f(t) = / (2) = 6 + 8^2 . Suy ra P < 6 +8>/2 , dau dang thuc 
xay rakhi ^ ox = 2,y = 0. Vay gia tri Ion nhat cua P la 6 + 8>/2 , datkhi x = 2 ;y = 0 


Bai 32: Cho hai so thuc x, y thoa man x 2 + y 2 - 6 x - 2y + 5 = 0. Tim gia tri Ion nhat cua bieu there: 
3y 2 +4xy+ 7x + 4y-l 


x + 2 y + 1 


Bai siai 

Tu gia thiet ta co: 6 x + 2y = x 2 + y 2 +5 (l) va (x-3 ) 2 +(y -l ) 2 =5 (2) 

1 \ /v „ x 2 +4xy+ 4y 2 +x + 2y+ 4 „ 4 

Do (1) nen: P = -------= x + 2y +- 

x + 2 y+ 1 x + 2 y + 1 

4 

Dat t = x + 2y^>P = t + -. Theo bat dang thuc B.C.S ta co: 

t +1 & 
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[(x -3) + 2(y-l )] 2 <5^(x-3 ) 2 + (y -l) 2 J = 25 (4) => -5 < (jc-3) + 2(y -l)<5 =>0<t<10 (l) 

4 

Do (1) nen theo bdt Cauchy ta co: t + 1 + — - > 4 => P > 3 

, 4 2 

Dang thuc chi xay ra khi t +1 = —- <=> (t +1)" = 4 <=> t = 1 


x + 2y = 1 


x + 2y = 1 


x + 2y = 1 

(x - 3 ) 2 + ( y -1 ) 2 = 5 ~ [(—2y - 2 ) 2 + (y -1 ) 2 = 5 ~ (5y 2 + 6 y = 0 

x = l;y = 0 6 n 

17 6 • Vay P min = 3 dat duoc khi x = l;y = Ohoac x = —,y = — 

x = —;y = — ' ' '55 

5 5 


Bai 33: Cho cac so thuc x, y, z duong va thoa man 4(x 2 -x+l) < 1 6yfx*z -3x(y + zf . Tim gia tri nho 

nhat cuabieu thuc T = ^ + 3x ( x + 1 ) + — -I0y/3.j -^-— 

(y + 1 ) 3 \ X 3 +2 


Cach 1: 

Tir gia thiet ta co: 


Bai giai 


A{x 2 -x+l')<16x y [yz-3x(y+z) 2 =>4^x + — -lj <16y[yz -3(y + z) 2 <16 Jyz -3Ayz 

=> 4 ^Jyz - 3yz > x + — - 1 > 1, t = y[yz > 0 => 3f 2 - 4 

T _ y + 3x(x + l) | 16 1Q j^J y _ y 2 + 3xy i 3 : 16 

x 2 z / *' 3 


Ta co yz < 1 = 


(T+iy 

y 2 + 3xy y 2 +3 xy 


3 2 3 ~ 10 ^\h^— 

x +2 x~yz z (y + 1) \ X +2 


-car**? 


f + r J V £ 33’ + -^- T = (3’ + l) + (3’ + l) + (3’ + l) + - i5 -j-3>4.2-3 = 5 
z (y + 1) (y + 1) (y + 1) 

-l^CH > > -10j3^ = -10 

\ x 3 +2 V* +1 + 1 \3x \x 

Tir do: + 3^-10^.Dat t = J^>0^T>f(x) = t 4 + 3t 2 -10t + 5 


Taco /’(r) = 4r 3 +6r-10 = 2(r-l)(2r+2r+5); /'(f) = 0<=>f = l 
Bang bien thien 
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t 

0 1 +QO 

fV) 

- 0 + 

/w 

5 - ——* + " 


Suy ra T>— 1 =>min f>0 T = -1 <=> t = 1 <=>x = y = z = 1 

Cach 2: 


Ta co — = J ^ — 
Vx 3 +2 ]/x : 5 +1 + 1 


. /Z = J_ (z7<J_ 

VsVx' “Vs' - 


< J—= - ; ^ + 1^2—=>2_>2—_i 


1 ~ + i 

Suy ra: r>2^-l + 3^ + 5-l(K/3.-^.^— =>T>-1 
xx V3 2 

=> MinT = -lox = y = z = l 

Cach 3_ Chi thong qua BDT bunhiacopxki danh gia xu li 2 dai luong can dau tien . 
Taco xy.1 + 1.1 + 1.1 < ^{x 2 y 2 +1 2 + l 2 )(l 2 +1 2 + 1 2 ) = ,^3(x 2 y 2 + 2) => Jx 2 y 2 + 2 > 


Tuong tu \Jz 4 + 2 > Z ^ 


Bai 34: Cho x, y la cac so thuc duong thoa man x+y>2 . Tim gia tri nho nhat ciia bieu thuc 
p _ 27x 3 +10 | 3y 2 +4 
9 y 8 x 


Bai siai 


Du doan dau bang xay ra khi (x;y) = . Ap dung bat dang thuc AM-CM ta co: 



>JKlT + 2jK^ + 2p.± + 2 p 

V y 2 3 V 8 x 2 V 8 2x ^ 8 ^ 8 8 ' 3 

a 3 5 21 9 2 3, , 5 3 5 13 

2 3 8 8 3 8 V ; 2 4 2 4 

Vay min P = ~~ 
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§2: BAT DANG THtTC BA BIEN DOI XU'NG 
DIEM ROIDEP 


Bai 1: Xet cac so there duang x, y, z thoa man dieu kien x + y + x = 1 
Tim gia tri nho nhat cuabieu there : P = X + ^ y + + z 


Bai siai 


Ta co:P = — + — + — + — + — + — (*) 
y z z x x y 


Nhan thay: x 2 +y 2 -xy >xyVx,y <=R. Do do:x 3 + y 3 > xy(x + y)Vx, y > 0 hay — + —> x+ yVx,y > 0 


y x 


Tirong tu, ta co: — + — > y + zVy, z>0 , — + — >z + x\/x, z> 0 

z y x z 

Cong tirng ve ba bat dang thuc vita nhan duo'c a tren, ket hap vai (*), ta duo'c: 
P > 2(x + y + z) = 2Vx, y,z> 0 va x + y +z = 1 

Han nua, ta lai co P = 2 khi x + y + z = ^.Vi vay minP = 2 
Bai 2: Chung minh 


(l + x) 2 (l+y) 2 (l+zf 4 


Bai siai 

Ta co x, y,z va xyz = 1 nen luon ton tai hai so cung ldn hon hoac bang 1 hoac hai so cung nho hon 
hoac bang 1. Khong mat tmh tong quat ta gia sir hai so do la x, y 
=> (x - l)(y -l)> 0 ^>x+y<xy + l 

1 1^2 2^2 1 z 


(l + x) (l + y) (l + x)(l+y) 1 + x + y + xy 2 + 2 xy 1 + xy z + 1 

1 1 1 ^ z 1 

^(1 + x ) 2 + (l + y ) 2 + (l + z ) 2 “ z + l + (l + z ) 2 


z + 1 (1 + z) 2 4 (z + 1 ) 2 z + 1 (1 + z) 2 4 

1 1 13 


(l + x ) 2 (l + y ) 2 (1 + z ) 2 4 

Dau “=” xay ra khi x = y = z =1 


Bai 3: Cho cac so dirong a, b, c thoa man a(a - 1) + b(b - 1) + c(c - 1)< r 


Tim gia tri nho nhat cua P = —— + —— + -— 
a +1 b +1 c +1 
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Bai siai 

-yjb + l— r^ - + yjc + 1 1 

yjb + l 


._ I <P.(a + b + c + 3) =>P>- 

-v/c + 1 y a + Zj + c + 3 


Gia thiet <=> a 2 + b 2 + c 2 - (a + b + c) < -( 1 ) 

1 - 14 

Mat khac a 2 +b 2 +c 2 >-(a + b + c) 2 nen neu dat t = a + b + c thi -t 2 -t <- <=> 0 < t <4 
3 3 3 

Xet ham so f(t) = —— tren (0;4] ta co: f'(t) = —< 0 
t + 3 (t + 3) 2 

, , 9 

=> Ham so f(t) nghich bien tren (0;4] => min (0;4] f(t) = /(4) = - 

GTNNcuaPla -khi \ a + b + c = 4 < ^ a = b = c = ± 

7 [a + l = b + l = c + l 3 


> ^ rnv/n?- p - a . ^ , c * 

[a&c = 1 

(ab + 2)(2ab +1) (be + 2)(2bc +1) (ac+ 2)(2ac+ 1) 3 

Ta viet lai P = Y — 

Led siai 

a 2 am-gm 4 ^^ a Y 

^(a6 + 2)(2a6 + l) 9^a6 + lJ 

Bat a = — ;£> = — ;c = 

“ T= 4 z[" * T 

y z 

* 9^Lai + lJ 9^[>’(J’ + z)J 

Lai co V1" 1 

' ^Ly(y+^)J 

« T 

3L^y(y+z)J 

rp* k ^ ^ 

Tiep > - 

^y(y + z) 

(xy + yz + xz) 2 ^ 3 

2xyz(x + y+ z)~ 2 

Truy hoi ta dirge P > - 

Bai 5: Cho a,b,c la do dai 3 canh tarn giac thoa man (a+b-c)(b + c-a)(c + a-b) = 1 

Chung minh BDT : 

f a+6+cY ^a 2 +b 2 +c 2 

l 3 J “ 3 


Bai siai 

{ a + b-c-x 

, x+z , x+y z + y „ 1 

b + c-a = y => a = - \b =-— ;c =-va xyz = 1 

2 2 2 

c + a-b = y 

BDT tra thanh : >-^ + ^ + + ^ + + ^ - (J: + y + 2)2 ‘ + + ^ 
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Taco: xy + yz + xz>3 ^ + ? + ++ < (* + ? + +-3 

6 6 

x i r fx + y + zY^ (x + y + z) 2 -3 

Vay ta can chung minh : I --- I >--- 

t t 2 - 3 

Xet ham so fit) = (-) 5 -voi t = x+ y + z > 3=> f(t) > /(3) = 0 

3 6 

Vay BDT ban dau dirge chirng minh. 


3 

Bai 6: Cho cac so thirc duong x, y, z thoa man x + y + z < — . Tim gia tri nho nhat cua bieu thirc 

p _ z(xy + l ) 2 | x(yz + if | y(xz + lf 
y 2 (yz + l) z 2 (xz + 1 ) x 2 (xy + l) 

Ta co : p 

=» p - 3 | 


Bai siai 

1 z(xy + 1) 2 x(yz + l ) 2 y(xz + l ) 2 3 

l(xy + l)(yz + l)(zx + l) 

y 2 (yz + l) z 2 (xz + l) x 2 (xy + l) )j 

xyz 

l(xyz + -Y— ) + -^- + (x+-Y) + (y + -Y) 
64xyz 64xyz 4x 4y 

+ (z + -}-) + j(- + - + -) 

4 z 4 xyz 

1 

\4 

f 

27.63 t , 3 . 9 . 

,+ 1 + 1 + 1 + ( ) 
64(rc + y + z) 4 * + y + z 

64.21 4 3 2 “2 

8 

Bai 7: Cho cac so thirc duong a,/?,c thoa man a 2 
ayl 3 6^3 cV3 

6 2 +c 2 + c 2 +a 2 + a 2 +i > 2 

+ b 2 +c 2 =4 . Tim gia tri nho nhat cua bieu thirc 


Bai siai 

Ta co : f . Ta se chirng minh bat dang thirc phu sau > — a 2 (1) 

b +c 4 -a ' 4 -a 16 


That vay (1) (a-j3 - 2 ) 2 (3a 2 + 4aV3) > 0 ( Luon dung Va > 0 ) 

^P> — (a 2 +b 2 +c 2 ) = - 

16 4 


9 

= — <^>a = b = 

4 


c 


1 _ 


Vay p m 
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Bai 8: Cho a,b,c la do dai 3 canh cua tam giac. Tim gia tri Ion nhat ciia bieu thuc 
3a-b 3b-c 3c-a 


P = (a + b + c)\ 


a +b b +bc c +ca 


Bai siai 


Taco {a-b) 2 >0<=> — > 3a b 
b a(a+b) 


. . .3 a-b 3 a-b c{3a-b) _ a c 

>{a + b + c)— -=-+ —-- < 3 h — 

a +ab a a{a+b) b a 

.a bc a be 

>P< 9-(—+—+—) + (—+-+—) = 9 

bca bca 


Bai 9: Cho cac so thuc duong x, y, z thay doi thoa man x + y +1 = z ■ Tim gia tri nho nhat cua bieu 

y 3 z 3 _14_ 


thuc P = 


x+yz y + zx z + xy (z + l^l + xy + x + y 


Bai siai 


z + xy = x+y + l + xy = (x + l)(y + l)< 


Lai co 


Ta co Jl+xy + x+ y = J(x + l)(y +1) < x + y + ^ = i-tl 

v ■ ■ v • 2 2 

(z + 1) 2 


(x 2 +y 2 ) 2 ^ (x 2 +y 2 ) 2 


x+yz y + xz x 2 +xyz y 2 +xyz x 2 +y 2 +lxyz x 2 + y 2 + (x 2 +y 2 )z 
^ x 3 | y 3 > (x+y ) 2 _ (z- 1) 2 
x + yz y + xz 2 ( 1 + z) 2 (z + l) 

,P> /(z)= (izi)i + ^£l_ + _ 28 


2 (z + 1 ) (z + 1) 2 (z + 1) 2 

Dao ham va lap BBT => /(z) >/(-) = — => iV, = — <^>x = y = -;z = - 
3 8 8 3 3 


Bai 10: Cho cac so thuc duong a,b,c thoa man a + b + c-3 . Tim gia tri nho nhat cua bieu thuc 

„ 25a 2 25b 2 c 2 (3 + a) 

P = — -|- - -|-1- L 

yjla 2 +lb 2 + \6ab yjlb 2 +lc 2 +I6bc a 


Bai siai 


Ta co \lla 2 + lb 2 +16 ab < \j3a 2 +8 b 2 +14 ab = ^{a + 4b)(3a + 2b) < 
25a 2 ^ 25a 2 

=> i >- 

V2a 2 + lb 2 + I6ab 2a + 3b 


4a + 6b 


2a + 3b 


2 














































Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn 

Tirang ty ta co 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

25 b 2 ^ 25 a 


yllb 2 +lc 2 +\6bc 2b + 3c 


T . , c (3 + a) 3c 2 2 _ _ %f 9 4 n 2 . ^ 25c 2 

Lai co : -=- \-c + 2c-2c = c (-1-) + c" - 2c >- 

a a 3a 2c 2c + 3 a 

^P>25j j ( a ) + c 2 - 2c > 25. ^ + b ^ C \ + (c - -1) 2 -1 > 14 


+ c - 2 c 


2a + 3b 

Vay P min =14<=> a = b = c=l 


5 (a + b + c) 


Bai 11: Cho cac so thyc dirong x, y, z thoa man x 2 + y 2 + z = 3 . Tim gia tri nho nhat ciia bieu thuc 

xy z 


*+y + z 


]] 2xy + z 2 


Bai giai 


Tac 6 ; V772=V77I7I>L±!±i 

a/3 v3 


l*+y+z ^ . 

1 x+y+z 

/x+y+z _ n ^*+y yy +1+1 , 1 z 2 +i+i , , 

/x+y + z 

12 xy + z V 

x 2 +y 2 +z V 

3 ^ P ~ xy' Zl z S V 

3 


x + y + z 2 a . a. 

> • - + _(- + - + -)■ 


73 y/3 X y 

AA D^ X+ y + Z 


- + - + - )+ J : 

X y z V 


•*+y+ Z ^ -X + y + Z 


73 73 (x+y + z) 

>2y/3+- + -(-?=--) = l + 3yl3 
2 3\/3 2 J 

Vay P min =1 + 373 <^x=y=z=l 


73 73(x + y + z) 


x + y + z 


x + y + z 


12 


9 3 

( 4 =- 4 ) 


2(x + y + z) x+y + z 73 2 


Z?ai 12: Cho cac so thyc duong a,b,c thoa man : 9 (a 4 +£ 4 +c 4 )-25(a 2 + Z ? 2 +c 2 ) + 48 = 0 

Tim GTNN ciia bieu thuc : P = —-- 1 —-- 1 ——— 

b + 2 c c + 2 a a + 2b 

Bai siai 


a 4 +b 4 +c 4 > 


(a + b + c ) 4 


Ta co <! 


27 


a 2 +& 2 +c 2 > 


0£ ( a+ fe + c)‘ _ 25( a+ fe + c)* +48 ^ 16 > (a + j , + c)i > 9 
(a + b + c) 2 3 3 


7 -a o T /1 * a ^ (a + & + c ) 2 a+&+c . 

>a + Z? + c>3. Khi do P> --=->1 

3(a + b + c) 3 


Vay P mm =l<t>a=b = c = l 
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Cau 13: Cho a,b,c la cac so thyc duong thoa man a + b + c = 1 

16b 2 -21 (a + be) 2 


Tim GTNN ciia bieu thuc : P = - 


(l-a) 2 +5bc 


36 (a + c) 2 


Bai giai 

a 2 16b 2 -27(a + be) 2 _ a 2 16Zr -27[a(a + b + c) + bcf 

(1 - a) 2 + 5 be 36 (a + c ) 2 (1 - a) 2 + 5 be 36 (a + c) 2 

16b 2 -27(a+b) 2 (a + c) 2 _ a 2 4b 2 3, 


Ta co P 


(b + c) 2 + 5 be 
Mat khac 


36(a + c) 2 


(b + c) 2 + 5 be 9 (a + c) 2 4 

4 a 2 


(a + by 


(b + cf + 5bc- (b + cf + 5 (b + c)2 %b + cf 
4 

+(^ + jL2\-y a+b y^(. Y-W 

9 (b+c a + c) 4 91 ab + ac+ba+bc) 4 


>.H (a + fc) ’ '[-ha + bfll 

9\2ab + (a + b)c ) 4 9 


(a + b) 2 


(a+bf 

V 2 


+ (a+b)c 


— (a + b) 2 
4 


(1-c) 2 


(1-c) 2 


+ (1 - c)c 


--(1- C ) 2 =5[l—^-Y-la-c) 2 

4 9v 1+cJ 4 


.If, *T_3 C 


Xethamso /(c) = ^1-J -^(1-c) 2 voi c e (0;1) => f(c) > /(i) = y 

-1 ,1 

Vay P. = — <^>a=b = c = - 

nm 9 _ 3 

Cau 14: Cho cac so thyc dirong a,b,c thoa man abc > 1. 

Chung minh bat dang thuc P = ^ 


yja + yfbc 


Led giai 


Bat x = \[a, y = >/&, z = Vc => P = ^ . * = 

V* 2 + 




(x + y + z) 2 


(x + y + z) 2 


■x/* 2 +yz+yjy 2 +xz + ^/z 2 +xy ->j3(x 2 + y 2 + z 2 + xy + yz + xz) 
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(x + y + z ) 2 . (x + y + z ) 2 0 s 

^-------^------- (Do xy + yz + xz> 3) 


^3[(x + y + z) 2 -(xy + yz + xz) ] \j2(x + y + zf -9 

3?+ 15 t- 3 3 ^ 3.9 + 15 


Bat (x + y + z) =t^>P > 


3(t - 3) 12 12 t-3 12 V 12 2 ^2 


Bai 15: Cho ba so thuc dirong x, y, z sao cho x 2 + _y 2 + z 2 =1. Chung minh rang 
x , y , z 8C/3 


(1-x 4 ) 2 (1-y 4 ) 2 (1-z 4 ) 2 64 


(Trich tie thi thic trucmg chuyen Ha Noi Amsterdam) 


Lai giai 

Be cho tien tinh “nham” ta chuyen (x, y, z) -> (A= , -^=, A=) the thi a 1 +b 2 +c 2 = 3 

v3 v3 v3 


Ta can chung minh 


(9-a 4 ) 2 (9-Z> 4 ) 2 (9-c 4 ) 2 64 

b 


{b 2 +c 2 )(2a 2 +b 2 +c 2 ) 2 (c 2 +a 2 ) (2b 2 +c 2 +a 2 ) 2 (a 2 +b 2 ) (2c 2 +a 2 +b 2 ) 2 64 

dung BBT am-gm: 

a a 3 (b 2 + c 2 ) a 2 (b 2 +c 2 ) 2a 2 (2a 2 +b 2 + c 2 ) > 5a 2 

1 " ~~64 


Ap 


( b 2 + c 2 ) (2a 2 + b 2 + c 2 ) 2 128 

Banh gia tuo'ng tu roi cong lai chu y ^ 

a.b.c 

Ta duoc - 


128 256 

a 2 (b 2 +c 2 ) 2a 2 (2a 2 +b 2 +c 2 )'\ _ (a 2 +b 2 +c 2 ) 2 _ 9 


128 256 J 64 64 

3 a 3 (b 2 +c 2 ) + b 3 (c 2 +a 2 ) + c 3 (a 2 +b 2 ) 


(9-a 4 ) 2 (9-b 4 ) (9-c 4 ) 2 32 128 

Chuy ^a 3 (b 2 +c 2 ) = ^a 3 (3-a 2 ) = ^[-a 2 (a-l) 2 (a + 2) + 2a 2 ]<2^a 2 =6 

a,b,c a.b.c a.b,c a.b.c 

Tu do Ta co BPCM dau bang xay ra <=>a = £ = c = l<=>x=y = z = -^ 

v 3 


Bai 16: Cho cac so thuc duong a,b,c thoa man \a+b+c = 3 tim gia tri nho nhat cua : 
p_ 25 a 2 + 25 b 2 + c 2 (a + 3) 

yj2a 2 + lb 2 + \6ab yj2b 2 +lc 2 +\6bc a 

Lai siai 

Ta co 

2 a 2 + lb 2 +16 ab< 2a 2 + 76 2 + 2 (a 2 + b 2 ) +12ab = 4a 2 + 9b 2 + 12b = (2a + 36) 2 => y}2a 2 +lb 2 +16ab <2a + 3b 
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Tirang tu: y/lb 2 +Tc 2 + \6bc <2b + 3c tir do suy ra : 


25 b 2 c 2 (a + 3) 


2 a + 3 b 2b + 3c a 

25a 2 o, ' 25Z? 2 v 

- >Sa-3b va-> 

2 a + 3 b 2 b + 3c 


Bay gia dung phuang phap ‘tiep tuyen’ ta se thiet lap dugc: 


25a 2 


25b 


2 a + 3 b 2b + 3c 


>Sa + 5b-3c do do 


P>Sa + 5b-3c + C (a + 3) = 15-8c + 3a + c 2 + — = (c-l) 2 + 3(c a) +14>14 
a a a 

Vay min/ 3 =14 khi a=b=c- 1 

Bai 17: Cho cac so thuc duong x, y, z thoa man dieu kien xy + yz + zx = xyz ■ Chung minh rang 
y/x+yz + ^y + xz +sjz + xy > jxyz +y[x + <Jy + Vz 

Lin giai 

a,b,c> 0 va a+b+c= 1 


1,1 1 
Bat a = -,b = —,c = - 


Bat dang thuc can chung minh tuong duong yfa + bc + yjb + ac + yjc + ab > yfab + yfbc + \[ac +1 
That vay y]a + bc = yja[a + b + c) + bc = Ja 2 + a(b + c) + bc > yja 2 +2ayfbc +bc 

=> yja + bc >a + y[bc . Tuong tu yjb + ac >b + Vac va yjc + ab >c + yfab 

Cong theo ve cac bat dang thuc tren ta dugc: 

yja+bc + yjb + ac + \]c + ab > yfab + Jbc + Vac +a+b + c 

<=> y/a+bc + jb + ac + yjc + ab > yfab + yfbc + yfac +1 => dpcm 

Dau dang thuc xay ra khi a=b-c = ^<z> x = y = z = 3 


Bai 18: Cho a,b,c la do dai ba canh cua mot tam giac thoa man 2 c + b = abc Tim gia tri nho nhat cua 
3 4 5 


bieu thuc S = 


b + c-a a + c-b a + b-c 


Bai giai 

, ' ’ 11 4 

Ap dung bat dang thuc — + — >- ,x > 0, y > 0. 

x y x + y 

S- 1 + ^— +2 ( 1 + ^—W-J— + 1 

b+c-a a+c-b yb+c-a a+b-c) ya+c-b a+b-c) c b a 

Tu gia thiet ta co - + - = a, nen - + - + — = 2f- + - + — 1 = 2 fa + — 1 > 4V3. 

c b c b a yc b a) y a) 

Vay gia tri nho nhat cua S bang 4V3 . Dau bang xay ra khi a=b = c = V3. 


Bai 19: Cho x, y, z la cac so thuc duong thoa man dieu kien xyz = 8 .Tim gia tri nho nhat cua bieu 
48 


thuc: P = (x+y)(y + z)(z + x) + 


yjx + y + z+3 


Bai siai 
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Ta co (x+y)(y + z)(z + x) = (x+y + z)(xy + yz + zx)-S 

Mat khac (xy + yz + zx) 1 2 > 3xyz(x + y + z) = 24(x + y + z) xy + yz + zx> 2J6(x + y + z) 

48 


Dodo P> 2(x + y + z)- s j6( < x + y + z) +—? 

V' 


x+y+z+3 


i - /x i- 48 3j6t(t + 3) 3 -24 

Dat t = x+y + z=>t>3^z=6=>P>f(t) = 2ty/6t + - i =-S=>f'(t)= ' V _= ->0 

7(77i f 

=> / (?) dong bien => / (f) > /(6) = 80 

Vay gia tri nho nhat cua P la 80, dau " =" xay rakhi x=y = z = 2 


Bai 20: Cho cac so thuc duong a,b,c thoa man ab > l;c(a + b + c) > 3 . Tim gia tri nho nhat cua bieu 

, , b + 2c a + 2c / \ 

thuc P =- 1 -h61n(a + & + 2c) 

1 + a 1 +b y ’ 


Bai siai 


Taco P + 2 = (a + b + 2c + \)^- + ^-^ + 6\a{a + b + 2c) 


Mat khac 


1 + a 1 + b l + yfab j | ab + l 3 + ab ab + bc + ca + c 2 (a + c)(b + c) (a + b + 2c) 2 

2 


, . 16(? + l) , , (?-4)(6? + 8) 

Dat t = a+b + 2c=> P> f(t) = —^—- + 61n? voi ?>0 => /'(?) = ---- 

^P>f(t)>f( 4) = 5 + 61n4 

Vay, GTNN cua P la 3 + 61n4 khi a = b = c= 1. 


Bai 31: Cho a,b,c> 0 .Chung minh rang 


1 


1 


a +b + abc b +c + abc c + a + abc abc 


Bai siai 

Ta co: x 3 + y 3 > xy (x + y) =^> a 3 + b 3 + abc > ab (a + b) + abc = ab(a + b + c) = 

1.1 1.1 


a 3 +b 3 +abc ab[a + b + c ) 


Tuang tu ta co 


b +c + abc bc(a + b + c) c +a + abc ca{a + b + c ) 


1 


1 


1 


a + b + c 


1 

a 3 + b 3 + abc b 3 + c 3 + abc c 3 + a 3 + abc abc(a +b + c ) abc 


Bai 32: Cho cac so thuc duong a,b,c thay doi luon thoa man: a+b+c = 1 

, i a + b 2 b + c 2 c + a 2 

Chung minh rang: -+-+-> 2 

b+c c + a a + b 


Bai siai 
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Taco: vr4—+—+—\[—+—+—\ = A + B 
yb + c c + a a+b) yb + c c + a a+bj 

A + 3 = -[(a + b) + (b + c) + (c + ay\\ —-—l—-—b —-—1 > — 3j/(a + fr)(fr + c)(c + a)3. 3 / ~ ^ ^ — 

2 LV ’ V V J \a + b b + c c + a J 2 A ’ \a+bb+cc+a 2 


l 2 = (a + b + c) 2 <^ a b +~ ——j (a+b+b+c+c+a) 

Tudo taco VT>- + - = 2 = VP 
2 2 

Dau dang thuc xay ra khi a = b = c = ^ 


Bai 33: Cho x, y, z la ba so thuc dirong thoa man: x+y + z = 3~j3 . Tim gia tri nho nhat cua bieu thuc: 
1 111 


x+y+z xy yz zx 


( n Cauchy 

—+ —+ — >3^i 

xy yz zx) 



xy yz zx xy + yz + zx 

1 9 


Do do: P>- 


'x y z 

Dau “=” xay ra khi va chi khi x - y - z 
1 1 1 


x + y~ + z 
3 


xy + yz + zx x“ + y +z 
7 


xy + yz + zx xy + yz + zx xy + yz + zx 


+ y 2 + z 2 + 2xy + 2yz + 2zx _ (x + y + z) 2 
3 ~~ 3 


^x 2 -i-y^i-z^j^H-^z-K^) -^y + + zx 

/--r- Cauchy 

Mat khac: 3/(x 2 + y 2 + z 2 ) (xy + yz + zx) 
x 2 + y 2 + z 2 > xy + yz + zx o x 2 + y 2 + z 2 + 2xy + 2yz + 2zx > 3xy + 3yz + 3zx 
<=>(x + y + z)“ >3xy + 3yz + 3zx<=>xy + yz + zx<9 
3 V 10 10 ' 

Suy ra: P > — + — = —. Vay min P = —. Dau “=” xay ra khi x = y = z = V3 


Bai 34: Cho 3 so thuc duong x, y,z thay doi. Tim gia tri nho nhat cua bieu thuc: 

_ f x 2 2) f y 2 2) f z 2 2 

p nT + — +y T + — +Z T + — 

y3 yz) y3 zx) y3 xy 


Bai siai 


3 ) xyz 

Ap dung bat dang thuc: a 2 +b 2 > 2ab,Va,b x 2 + y 2 + z 2 > xy + yz + zx 
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Dang thuc xay rakhi x = y-z 

^ P > s±Z±il +2 ?y±m^ ^ P >(s + 2U/ + 2)Ji + 2) 

3 xyz ^3xJ^3yJ^3zJ 

Xethamso f{t) = t —+-v(n t>0=> f \t) = t 2 -^ = t 2 2 ;/'(0 = 0<=> f = ^ 

Vay P > 4^/8 dang thuc xay ra khi x = y = z = >/2. Hay P mm = 4 yfs 

Bai 35: Cho ba so thyc duong a, b, c thoa man abc = 1. Chung minh rdng: 

1 1 1 ^3 

a 4 (& + l)(c + l) b 4 (c + l)(a + l) c 4 (a + l)(& + l) 4 


Bat x = — ;y = -;z = - khi do ve phai tro thanh 
abc 

Ap dung bat dang thuc Cauchuy ta co 

x 3 y +1 z +1 > 3x y 3 

(y+ l)(z + l) ^ 8 1 S~ ~ ~4 ’ (z + 1)(jc + 1) H 

^( y + l)( Z + l) + ( Z + lA + l) + (^ + l)(y + l)“ 


Bai giai 

_ ± _ + _z!_+_ ± _ 

(y + l)(z + l) (z + l)(* + l) (* + l)(y + l) 
x + l z + 1 3y z 3 x + l y + 1 3z 

I-1->— ; - - — -r +--> — 

8 8 4 (x + l)(y + l) 8 8 4 

x+y+z 3 > 3 
2 4“4 


Bai 36: Cho cac so duong x, y, z thoa man x + y + z = 
S = Jx+y+Jy + z+yJz + x . 


: 2. Tim gia tri Ion nhat ctia bieu thuc 


Bai giai 

Ap dung bat dang thuc Cauchy cho hai so duong 

— ^ r ~t^ x+y+ \ S( 4 

Taco V*+y =Y f + yivY■ 2 = T{ X+y+ 3 

Tuongty: ^/y + z j^y + z + ^-j; yfz + x <~.^z + x + ^ 

Suyra: (2x + 2y + 2z + 4) = 2^3 . 


, 2 
Dau “=” xay ra khi x = y = z = 

Vay MaxS = 2^3 khi x = y = z = j. 

Bai 37: Cho cac so thyc x, y, z > 0 thoa man dieu kien xyz = 1. Tim gia tri Ion nhat ctia bieu thuc 
p _ i + i | 1 

_ x 2 + 2 + y 2 + 2 + z 2 +2 

Bai giai 
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Khong mat tong quat, gia sir x la so Ion nhat trong 3 so x, y, z, suy ra yz < 1 < x 

, 112 , , 

Ta chung minh —- + —- < - voi moi y,z du'O'ng thoa man yz <2. That vay 

y +2 z +2 yz + 2 

, + / y<r z) 

■ 2 y + 2 yz + 2 z + 2 yz 4 ~ 


y 

<=> 

BDT 


1 1 - 2 1 1 > 1 ^ | 

2 (y 2 +2) (yz + 2) (z 2 +2)(yz + 2) 


+ 2 z 2 + 2 yz + 

_0<oo_fcz)V3_<o 

yz + 2^y 2 +2 z 2 +2j (yz + 2)(y 2 + 2)(z 2 + 2 ) 

nay dung, do y, z duong va yz< 1 < 2. Bau bang xay ra khi va chi khi y = z 
c D ^ 1 2 1 2x 

x" + 2 yz + 2 x 2 + 2 l + 2x 

Cauchy, ta co x 2 + 2 = (x 2 + l) + l>2x + l, dau bang xay ra khi x = 1 
1 2x 


Mat khac, theo BBT ( 


c „ . 1 zx ^ i zx 

Suy ra P< —-+-<-+-= 

x 2 +2 l + 2x 2x + l l + 2x 

Vay, GTLN cua P bang 1, dat duoc khi va chi khi x = y = z = 1 


, ' 7 3 , , 

Bai 38: Cho cac so thuc duong x,y thoa man x + y + z < -. Tim gia tri nho nhat cua bieu thuc 

„ x 2 y 2 z 2 1 1 1 

y z x x y z 


Bai giai 


rp ' A x y z 111 0 ,/ 3 

Taco A = — + —+ — + - + - + ->3 llxyz + —j= 
y z x x y z 3/xyz 

Bat t = l]xyz. ta co 0 <t = ?]xyz < x + ^ + z < 1 

Khi do: P>3t + - = 12r + --9r>2^-- = — 
t t 2 2 

Bau dang thuc xay ra khi va chi khi x = y = z - ^ 
Vay min A = — 


Bai 40: Cho cac so thuc duong a,b,c thoa man a+b+c= 1. Tim gia tri nho nhat cua bieu thuc 

„ 7 121 

A — — - - - — H- - -r 

a +b + c 14 [ab + bc + ca) 


Bai giai 

Taco \ = (a+b+cf = a 2 +b 2 +c 2 +2(ab+bc+ca) => ab+bc+ca = 
1 121 


l-(a 2 +b 2 + c 2 ) 


a 2 +b 2 +c 2 l(l-(a 2 +b 2 +c 2 ) 


Bo do: A = 
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Bat t = a 2 +b 2 +c 2 Vi a,b,c> 0 va a+b+c — 1 nen 0<a<l,0<£<l,0<c<l 
Suyra t = a 2 +b 2 +c 2 <a + b + c = l 

Matkhac 1 = (a+£ + c)“ =a 2 +b 2 +c 2 +2{ab+bc + ca) < 3 \a 2 +b 2 +c 2 j 
Suyra t = a 2 +b 2 +c 2 >^. Vay 

a w x 7 121 ri \ w v 7 121 ,,, * „ 7 

Xetham so f(t) = - + —. --;fe -;1 f(t) = —7 +-5- f(t) = 0<=>t = — 

W t 7(l-t) L3 j W t 2 7(l-t) W 18 

Suyra /(r)>^^;Vte^;lj. Vay A>- 

tt ~ 1 , 1 1 .Aa 2 +b 2 +c 2 = — 324 

Hannua, vai a = -\b = -\c = - thi \ 18 va A = - 

2 3 6 1 7 

[a + £ + c = l 

, 324 

Vay min A = —^~ 

Bai 41: Cho a,b,c la cac so thuc duong thoa man f a + ^ + c j < 4 a £ c Tim gia tri Ion nhat cua bieu thuc 


yfa yfb yfc 


a + yfbc b + y[ca c + 4ab 


Bai giai 


1 ( 1 1 1 

2 ^yfab 4bc yfcc 


Theo bat ddng thuc Co-si, ta co: 

>/« , y* , >/g _ TT _ 

2 'Jay/bc 2^byfca 2yfc4ab ^\4ab \Jbc yfca J 
Voi cac so thuc x,y,z ta co ( x-y ) 2 +(y-z) 2 +(z-x) 2 >0<^>xy + yz + zx<x 2 + y 2 + z 2 
n if 1 1 1 ^ .if 1 1 1 ^ yfab + yfbc + yfca ^a + b + c c a + Z? + c 

2^-s fab yfbc \Jca J 24b 4c J 2yjabc 2sjabc 24abc 


4b 4c J 24 abc 24 abc 
Tu gia thiet, ta co a + b + c< 4032 y}abc . Do do P < 2016 

Voi a = b = c = ——- , ta co P = 2016. Vay gia tri Ion nhat cua P bang 2016 
1344 2 6 & 


Bai 42: Cho ba so thuc x, y, z thoa man dieu kien: x + y + z = xyz. Tim gia tri Ion nhat cua bieu thuc: 
P=(x-l)(y-l)(z-l) 


Bai siai 

Tu gia thiet ta co x<xyz^> yz> 1 tuong tu cung co: zx > 1, xy > 1. Do do co toi da 1 trong 3 so x,y,z be 
hon 1. 

THI: Co dung 1 so be hon 1, chang han: x < l;y > l;z > 1 khi do P < 0 
TH2: x>l;y>l, z>l 

Bat x-1 = a, y — l = b, z -1 = c . Voi a,b,c> 0 
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Giathietbai toan trothanha+& + c + 3 = (a+l)(&+l)(c + l) oab+bc+ca+abc = 2 (*) 

Bat t = y/abc , ta co: ab + be + ca > 3^j(abcf =3 1 2 (**) 

Tir (*), (**) suy ra: t 3 +3t 2 <2 ^(r + l)(r + l+V3)(r+l-V3)<0or< V3-1 
Dodo yjabc <'j3-\<=> abc < (^3 -1 j hay: (x-l)(y-l)(z-l) < (y/3 -lj 
Dau bang xay ra khi: x = y = z = *J3 Vay max P = [y/3 -1 j 


Bai 43: Cho ba so thuc a,b,c thoa man: log 2 a +log 8 b 3 +log 32 c 5 = 0 

1 1 1 


Tim gia tri lbn nhat ctia bieu thuc P = - 


Vl + « VI +b 2 Vl+c 2 


Bai giai 


Tu gia thiet suy ra a,b,c> 0 va ab.c = 1, khong mat tmh tong quat ta gia su a = max {a,b,c} =>0<&c<l 


Ta chung minh 


Vl +b 2 y/l + c 2 Vl + bc 


2 (1) va 1 


2 2 ) 


[Ua 2 y/l + bc 2 


voi (1) ta co: - ^= + .— - i ^- T + — , - 

2{Ju¥ PT7) l+ft l + c 5 (l+fe 2 )(l+c 2 ) 


■ 1 + 1-W- 


f-^— --<1+ —-— 7 =-hay -j^=+ ,- - <-<^> .- + - < . 

(l+b 2 )(l+c 2 ) (1 +bcf 1 +bc juc 2 J 1 + bc ^c 2 JmF 

, 1 ^ V2 1 2 ^ >/2 2 3>/2 

von (2) ta co: r . <-=> _ - + _ <-+ , <- 

1 + a ^/l + a 2 Vl + ^c 1 + a Vl+^c 2 


Vl + fl 


? 1 | V2 ^ 3 _ 3 1 V2 l + 3a (IxT _ l + 3a-2yf2a.y/i+a 

1+a y/l + be 2 2 1 + a a/1 + be 2(1 +a) yl + a 2(1 +a) 

(V^-Vrr^) 2 ,, _ i 2 3V2 

— — > 0 dungSuy ra-^^- 


2(1 + a) y/l + a 2 yjl + bc 2 

Cong (1) va (2) theo tung ve ta co : , * + -^=L 


3 J 2 

Vay gia tri Ion nhat cua P la —— 


,- . ,- . ,== ^ —— dau bang khi a = b = c = 1 

Jub 2 VTT7 2 


Bai 44: Cho a,b,c la cac so thuc duong thoa man a+b+c = 3. Tim GTNN cua bieu thuc 
„ 25a 2 25 b 2 c 3 (3 + a) 

P — — -I _ -|-i- L 

yl2a 2 +lb 2 +\6ab ^2b 2 +lc 2 + 16bc a 


Bai giai 


Ta co: (a-b)~ > 0 <=> 2 ab <a 2 +b 2 . Nen ta se co: 

V2a 2 + lb 2 +16 ab = yj2a 1 + lb 2 + 2 ab+Uab < y/da 2 + 8 b 2 + Uab = ^(a + 4b) (3a + 2 b)< = 2a + 3 


2 
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2 2 2 

(l) Tucng tu ta cung co: 


yl2b 2 + lc 2 + I6bc 2b+3c 

(3) 


Mat khac theo Cauchy - shwarz Ta co: + 2c = c 2 ( — + —]> — 

a \ a c J 3a + 2c 

Tu (1),(2),(3) ta se co: 

P > 25 f —--+ —-+ —-l + c 2 -2c>25. ^ + Z? + C \ +c 2 -2c=5(a + ^ + c) + c 2 -2c 

{2a + 3b 2b + 3c 2c + 3a) 5 (a + b + c) V ' 

+ Ma a+b+c = 3 theo gia thiet nen ta se co: P>c 2 -2c+15 = (c-l) 2 +14>14 

Vay GTNN cua P = 14. Dau ”=” xay ra khi va chi khi g = b = c = \ 


Bai 45: Cho cac so thuc duong a, b, c thoa man dieu kien a+b+c = 1. Tim gia tri nho nhat cua bieu 


= 3 

f 1 -, 

¥ 1 

¥ 1 -0 

\ 

yab 

Abe 

Aca J 


Bai siai 

DM A = P>Taco A = ( ±-l¥l-l¥i--ll = 

{ab Abe Aca J (abef 

Ap dung bat dang thuc trung binh cong va trung binh nhan co : 

1 ab^l ( a + Z? ) 2 _ (2 + a + b)(2-a-b) _ [(l + a) + (l + b)](l + c) ^ (l + c)J(l + a)(l + b) 
4 4 4 2 

Tuongntcft ^>¥¥0^; 

Dodo + + ( 1 + l)( 1 + i)( 1 + i),( 1 + ^J,4= 

Do do min P = 8 dat duoc khi a = b = c = - 


Bai 46: Cho x,y,z> 0;v 2 + y 2 + z : 

1 = 3. Tmh gia tri nho nhat cua bieu thuc 

P = f±z^ v+2+ IV77i + i 

xy z \ 

lx+y + z 

2 xy + z 2 


Bai siai 


Cach 1: 

P = (- + -)Jx 2 y 2 + 2 + y z 4 + 2 +. 


x+y + z 
V 2xy + z 


> \(x + y + zf + 2(- + - + -) 2 + J X * +Z ,(2xy + z 2 
v x y z V 3 


<x 2 + y 2 + z = 3) 
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162 


(x + y + z) 


(. x+y + z + - 


x+y+z x+y+z 


6y/3 




-,(t< 1 ) 


P>y/3S 2 + ^- + t>l + 2yf3 
t 

Dau “=” khi: x = y = z =1 

Cach 2: 


Ta co Jx 2 y 2 + 2 - Jx 2 y 2 +1 + 1 > x y + }_ + ^ ; y/ z 4 + 2 = Vz 4 + 1 + 1 > + i- + ^ 

7 3 V3 


k+y+z^ 

| x+y+z ; 

[x+y + z 

1 2xy + z yj 

x 2 + y 2 + z 2 V 

3 


x+yxy + 1 + 1 lz 2 + l + l 
p> - rr -+ -•- 




J3 

x+y + z 


x+y + z 


. x+y + z 2.1 1 1. f. 

2 - 7 =—+ -rr(- + - + -) + « - 

V3 V3 x y z V 
^ x+y + z | 18 | I x+y + z 

y/3 y/3(x + y + z) V 3 

Khi do : p 


73 73(x+y + z) 

> 273 + - + i(^=--) = 1 + 373 
2 3 73 2 ' 

Vay F in = l + 3>/3^>x=y = z=l 


/ x+y + z , /x 

V 12 \ 


2(x+y + z) x+y + z 73 2 


/?q/ 47: Cho cac so thyc x,y,z thoa man x 2 + y 2 + z 2 = 3. Tim gia tri Ion nhat cua bieu thiic: 

F = ^3x 2 + 7y + ^/5y + 5z + V7z + 3x 2 
giai 

Ap dung bat dang thiic Bu-nhi-a-cop-xki ta co: 

F 2 < 3[6x 2 + 12(y + z)] < 18[x 2 + 2^2(y 2 + z 2 )] = 18^x 2 + 2^2(3-x 2 )] 

Xet ham so /(x) = x 2 + 2^2(3 -x 2 ) tren mien xac dinh -73 <x<73 
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/'(*) = 2x- . 4x (Vxe(-y/3;j3))f'(x) = 0 tren (-^ ;> /3) <=> = ° : f(±y/3) = 3,/(0) = 2>/6,/(±l) = 5 

V 2(3-x 2 ) L x = ±1 V ’ 


:x)=5 

max F = 3VlO <=> x = j? = z = 1 


max /(x) = 5 => F 2 < 18.5 = 90 => F < 3y/l0 . Dau b&ng khi x=y=z=l 

i-F-.F) 


Bai 48: Cho cac so thyc duong a, b, c thoa man a + b + c = 1 

, , 7 121 

Tim gia tri nho nhat cua bieu thuc A = - 


a 2 +b 2 +c 2 14 [ab + bc + ca) 


\-(<?+b 2 +c*) 


Bai siai 

Ta co 1 = (a + b + c)~ = a 2 +b 2 +c 2 + 2 (ab + bc + ca) =+>ab + bc + ca = 

Dodo a=^-TL — ? — 121 -_ 

a +6 + c J 7 [l-(a’ + i>W)] 

DSt t = a 1 +tf+c 1 ^tJ^,^P = f(t)A-JTF 

, 7 121 „ 7 

W t 2 7(l-r) 2 w 18 

324 T1 'i 324 

Suy ra f(t) > —- ; \/t e -;ll . Vay A > —- voi moi a;Z?;c thoa dieu kien de bai. Hon nua, voi 

1 , 1 1 K + Z? 2 +c 2 =— v . 324 

a = -;6 = —;c = — thi < 18 va A — - 

2 3 3 . 1 7 

[a + Z? + c = 1 

. , 324 

Vay mm A = 


Bai 49: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3. Tim gia tri Ion nhat cua bieu thuc 

P - 2 

abc 

3 +ab + bc + ca ^ 



/?<» siai 

Ap dung Bat dang thuc (x + y + zf > 3(xy + yz + zx), Vx, yzef ta co: 

(aZ? + Z?c + ca) 2 > 3 abc(a + b + c) = 9 abc >0 => ab + bc + ca> 3 y/abc 
Taco: (l + a)(l + Z>)(l + c) > {l + yjabc^ ,\/a,b,c> 0. That vay: 

(l + a)(l + Z>)(l + c) = l + (a + Z> + c) + (aZ> + Z?c + ca) + aZ?c> 1 + 3 y/abc + 3 ^j(abc) 2 +abc = (l + 1/abcj 
l/abc 


Khi do P< 


—— — + —^ = Q . Bat yjabc = t. Vi a,b,c> 0 nen 0 < a&c <{ a+ ^ + c ^\ _ i 

i(l + Jfa) l+ 2 4ate ' l 3 ) 
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Xet ham so Q = , 2 -. + f 0 , t e (0;ll => Q'(t) =—-—-|->0, Vte(0;ll 

3(l + r 3 ) l+t 2 K J (l + ? 3 ) (l + r 2 ) V J 

Do ham so dong bien tren(0;ll nen Q = Qit) < Q(i) = - (2) Tir (1) va (2) suy ra P < - 

6 6 

Vay max P = ^, dat dupe khi va chi khi: a = b = c = 1 . 


Bai 50: Cho x, y, z la cac so thuc duong thoa man x>y>z va x + y + z = 3. Tim gia tri nho nhat cua 

bieu thuc: P = — + — + 3y. 
z y 


Bai siai 

Ta co — + xz > 2x\ — + yz > 2z => P = — + — + 3y > 2x - xz + 2z - yz + 3y 

z y z y 

= 2(x + z) + y(x + y + z) - xz - yz = 2(x + z) + y 2 + x(y - z) 

Do x > 0 va y > z nen x(y - z) > 0. Tu day ket hop vdi tren ta duoc 

P = — + — + 3y> 2(x + z) + y 2 = 2(3 - y) + y 2 = (y -1) 2 + 5 > 5. 
z y 

Vay gia tri nho nhat cua P bang 5 dat khi x = y = z = 1 


Bai 51: Cho cac so thuc duong a, b, cthoa man dieu kien a+b+c = 1. Tim gia tri nho nhat cua bieu 






Bai siai 


Dat A = P>Tac6 A = = 


Ap dung bat dang thuc trung binh cong va trung binh nhan co : 

1 ab> 1 ( a + b T - ( 2 + a + b )( 2 - a ~ b ) A( 1 + a ) + ( 1+b )~\( 1 + c ) ^ ( 1 + c )'K 1 + a )( 1+b ) 


(l + a)J(l + c)(l + b) (l+b)J(l+c)(l + a) 

Tuong tu co: l-6c>^-^^1 -ca>± -^^ 

Dodo ^i(( 1 + i )( 1 + i)( 1 + i)J.Ma 


Do do min P = 8 dat duoc khi a =b = c = - 
3 


Bai 52: Cho x,y,z la cac so thuc duong. Tim gia tri ldn nhat cua bieu thuc: 

„ 4 9 


ylx 2 + y 2 + z 2 + 4 (x+y)J(x + 2z)(y + 2z) 
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Ap dung bat dang thuc Co-si, ta co 

x 2 + y 2 + z 2 +4>^(x+y) 2 +^(z + 2) 2 >-^-(x + y + z + 2) 2 

(x + y)J(x+2z)(y + 2z) < ^ (x+ y)(x + y + 4z) = ^(3x+ 3y)(x + y + 4z) < | (x + y + z) 2 
2 6 3 

Suy ra P < 


---—--.Bat t = x+y + z, t>0 Khi do P< —- ^ 

x + y + z + 2 2(x+y + z) ' t + 2 2t 


Xet ham so f(t) = —— voi t>0 

t + 2 21 2 

T / 8 27 8 21 5 

Ta co / \t) = — + — = 0 -—— + — = 0 t = 6, f(6)= - 


(t + 2) 2 t 3 


(t + 2) 2 t 3 


Dira vao bang bien thien ta thay P < f(t)<- . Dau bang xay ra khi x=y=z=2 
Vay gia tri Ion nhat cua P bang - . Khi x=y=z=2 


Bai 53: Voi a,b,c la cac so thuc duong thoa man ab + bc + ca = 1 . Chung minh rang 
ayjb + c + by/c + a + cy/a + b < J2 (a + b + c) 


Bai giai 

Theo bat dang thuc Cauchy - Schwarz ta co 

(ayjb + c + by/c + a +cy/a + b^j ={y[ayjab + ca + yfb yjbc + ab + yfc Jca + be j 

<(a + Z? + c)2(a& + &c + ca) = 2(a + fr + c)=> bat dang thuc can chung mi nh 

Dau bang cua bat dang thuc xay ra <=> a = b = c = -J= 

v 3 


Bai 54: Cho cac so duong x, y,z. thoa man x + y + z = 3 . Tim gia tri nho nhat cua bieu thuc 


x + y y + z z + x 


x 2 

+ _Z^__ + __E^_ = 1 




x+y 2 

y + z 2 z + x 2 1 

{ *+y\ 

Jt y^ 2 ) 

l z + x *) 


P = 

=> P = x+y + z- 


xy + yz + : 
x+y 2 y+z 2 z 


y 


Tac6 _, -JL_ 

x+y 2 yy/x 2 y + z 2 Zyjy 2 z + x 2 xyz 2 

_ ^ / S f yyfx zJy Xyfz 

^p>( x +y+z)- Mrr+^r+^r 


_ Zyjy 


4 ~z 
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^ yr w <. i u' r / *+i yy + y r ^ y + 1 yz + z r ^ z + \ xz + x 

Mat khac yy/x < y -= ——-;zJy <z- -= -; xyjz ^ v-=- 

2 2 2 2 2 2 


(x + y + z) = x 2 + y 2 + z 2 +2(xy + yz + zx) > 3(xy + yz + zx)- 

Dau = xay ra khi x = y = z = 1 

Vay gia tri nho nhat cua P la ^ xay ra khi x = y = z = 1 


3 1 9 1 

1 => P > ~{ x + y + z) --(xy + yz + zx) = - - -(xy + yz + zx) 

»9_I 3= 3 
4 4 2 


Bai 55: Cho cac so duang a,b,c thoa man a+b+c=3. 

Chung minh rdng: (1 + “ )2(1 + *> 2 ■ * + + 


1 + c 2 


1 + a 2 


1 + b 2 


>24 


Bai giai 

Ta su - dung bat dang thuc co ban voi 2 so bat ky x,y ta co (x + y) 2 > 4xy dau bang khi x=y 

Ta co: (1 + af (1 + bf = [(1 + a)( 1 + b)f = [(1 + ctb) + (a + b)f > 4(1 + ab)(a + b ) 

„ (1 + a) 2 (l + b) 2 4(1 + ab)(a + b) 4a(\ + b 2 ) + 4b(\ + a 2 ) A 1 + b 2 1 +ct 2 

Suy ra:- z ->- z -=- z -= 4 a - T + 4b - 7 

1 + c 2 1 + c 2 1 + c 2 1 + c 2 1 + c 2 

^ ^ „ , (l + *) 2 (l + c ) 2 1 +c 2 1 + b 2 (l + c) 2 (l + a ) 2 1 + a 2 „ 1 + c 2 

Chung mmh tuang tu ta co - >7 -> 4b - 7 + 4c- 7 ; -^-> 7 —— > 4c- 7 + 4a- 7 

& & ’ 1 + a 2 1 + a 2 1 + a 2 1 + b 2 1 + b 2 1 + b 2 

Cong ve vai ve ba bat ddng thuc tren ta co: 

Ve trai: > 4a 


( 1 +b 2 

1 + c 2 

^ fl + a 2 1 + c 2 

^ a f 1 + b 2 1 + a"^ 

l - ;r +- r 

+ 4 b\ - 7 +-7 

+ 4c - 7 +-V 

\l + C 

1 +b\ 

J (l + c 1 + a 

J ^1 + a 2 1 + b 2 J 


m , 1 + b 2 1 + c 2 1 + a 2 1 + c 2 1 + b 2 1 + a 2 , , 

Taco- 7 +- 7 > 2 ;- 7 +- 7 > 2 ;- 7 +- 7 >2 a,b,c duorng 

1 + c 2 1 + b 2 1 + c 2 1 +a 2 1 + a 2 1 + b 2 

Suy ra: ve trai > 8 (a + b + c) > 24 dieu phai chung minh 
Dau bang khi a = b = c = 1 

Bai 56: cho cac so thuc duong a,b sao cho 2(a 2 +b 2 ) + a + b = 6 

T - -r . ,7 , x 7 ( a 2 +1 & 2 + l^ a + b 

Tim gia tn nho nhat cua : P = 6 


a 2 +a b 2 + bj ^( a +bf+5 


Lai siai: 

Chu y la : 6 = 2(a 2 +b 2 ) + a + b> {a+b) 2 + {a+b) => {a+b-2){a+b+3) <0<=>a + £><2. 
toan : ap dung bdt am-gm: 

2 + l b 2 +l'] 


quay lai bai 


«f4 

v G - 


6 -7-+ ^- >12, 

2 + a b 2 +b 


(a +l)(b +1) 


48 


a + b 


^ ab{a+ \){b+ \) 
48 


> 12 . 


2a.2b 


24 


48 


a + b + 2 yj( a + b) 2 +5 ? + 2 y/t 2 +5 


\ab{a + \){b + \) ^J{a + l){b + l) a + b + 2 

vai t = a+b< 2 
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5 48 


v r 48 t r 5 48 5 48 _ 

Xet fit) =-+ , ta co f \t) = . - T < —j= -< 0. 

t + 2 V^5 7(^5? (f + 2) 2 ^25 16 

Do do f(t) nghich bien => fit) > /(2) = ~ .vay min P = ^-.khi:a = b = l 


Bai 57: Cho x, y, z la ba so du'ong co tong Mng 1. Tim gia tri Ion nhat cua bieu thuc sau: 
P = yJl-x + y]l-y + Jl-z. 

Bai giai 


Ap dung BDT AM-GM, ta co ^(1 -x).| < —^ 

Tuong tu, ta thu dugc ^(l-x).^ + ^(l-y).j + J(l-z).j<^-^ + ^-^ + ^-^ = 2^P<y/6 


Daubang xay rakhi x-y-z 


1 

3 ' 
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§3: CAC bAt dAng thug phu quen thuoc 


Bai 1: Cho cac so duong a, b, c thoa man dieu kien ab + be + ca = 3 
1 1 11 


Chung minh rang: 


1 + a 2 (& + c) 1 + b\c + a) 1 + c\a + b) abc 


Bai siai 

Ap dung BDT Cauchy cho 3 so duong ta co: 3 = ab+bc + ca> 3 l](abc) 2 => abc < 1 


1 + a 2 (b + c) > abc + a 2 (b + c) = a(ab + bc + ca) = 3a = 


1 ^A(i) 


1 + a (b + c) 3 a 


Tuong tu ta co:- -J- -< —(2);- -J- -< —(3) 

1 + b (c + a) 3b 1 + c (a+ b) 3c 

Cong (1), (2), (3) theo ve voi ve ta co: 

1 1 1 \(\ \ \\ ab + bc + ca 1 

-T-1-T-1-T- — - -1-1- _ - _ - 

1 + a (b + c) 1 + b"(c + a) 1 + c (a+ b) 3^c b cj 3abc abc 

Dau “=” xay ra khi va chi khi abc = 1, ab + be + ac = 3 => a = b = c = 1, (a, b, c > 0) 


Bai 2: Cho a, b, c la cac so thuc duong . tim GTNN cua bieu thuc P = + + 4a + 3c + —-—— 

2 a 3b 2 a + 3c 


Bai siai 


„ , „ (3b + 3c ( 4a + 3c A f 12b-12c) ^ 0 J 1 1 

Taco P + 11= -+ 2 + -+ 1 + -- + 8 = (4a + 3b + 3c) — + —4 

l 2a J l 3b J { 2a+ 3c J \2a 3b 

114 

Voi moi x, y > 0, ta co — + — >-. Bang thuc xay ra khi x = y > 0 

x y x+ y 

' ' ’ 1 1 4 4 4 16 

Ap dung bat dang thuc tren ta duoc: — + — > - 


2 a 3b 2 a + 3 b 2 a + 3b 2 a + 3c 4a + 3b + 3c 


2 a 3b 2 a + 3 b 4a + 3b + 3c 
Vay min P = 5, dat duoc khi 2a = 3b = 3c 


Bai 3: Cho x, y, z la cac so thuc duong va thoa man dieu kien: xy + yz + zx = 2012xyz 

Tim gia tri lou nhat cua bieu thuc: A = ---+---+--- 

2x+y + zx + 2y + zx+y + 2z 


Bai siai 

Chung minh bo de: (x + y)|- + —)>4;Vx,y >0 <=>—] (*) Dau “=” co khi x = y. 

U yj x + y 4^x y) 
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Gia thiet xy + yz + zx = 2012xyz <=>- + — + - = 2012 
x y z 


2x+y + z (x + y) + (x + z) 4^x + y x + z) 16^x y 

1 1 (1 2 1 ^ v 1 


Hoan toan tirong tu' ta co: - 

x + 2y + z 16 

Cong ve voi ve (1); (2) va (3) ta nhan dirge: 
1 1 1 


A = - 


2x+y + z x + 2y + z x + y + 2z 4 


A Ion nhat = 503 dat dirge khi x = y = z = - 


'*>i ( i i Vnf 2 i i) 
<-l-+— 

x + y x + z) 16^x y z) 

16^x y z) 

tctc: 

iflA+lk™ 

4^x y z) 4 


( 1 ) 


x + y + 2z 16 


-^ 1 + 1 + “] (3) 
-6^x y z) 



fx>0> y 

Bai 4: Cho 2 so x, y thay doi thoa man \ 

A_ 3 , + 6y-^-4 S A- 
[2y x xy 

Tim GTNN cua bieu there: P = 2x 4 + 32y 

‘+4*y -2V-8/ +4+ )j - 5 

x 4y 2 


Bai giai 

Do (1) nen (2) => x 3 - 6x 2 y + 12xy 2 - 8y 3 - 8;ty > 12 <=> (x - 2y) 3 - 8xy > 12(3) 
Dat 2y = -u, u >0, (3) trd thanh 12 < (x + uf + 4xu < (x + u) 3 + (x + u) 2 ^>2< 


Taco P = 2(x 4 +u A ) + x 2 u 2 -2(x 2 +u 2 ) + 


(0.25d) 


(? + ^)- 5 (0 - 

114 

Ta co: — + —> — --(4); dau “=” xay ra O x = u. Tu (4) suy ra 

X U X + u~ 

P = 2(x 2 + m 2 ) 2 — 2(x 2 +u 2 )-3x 2 u 2 +| 4r + 4r 1-5 > 2(x 2 +a 2 ) 2 -2(x 2 + w 2 )--(x 2 +m 2 ) 2 + , 4 -5 

^x 2 u 2 ) 4 X 2 +u 2 

= — (x 2 +m 2 ) 2 -2(x 2 + u 2 ) + ^ -5 

4 x~+u 


Dat r = x 2 +u 2 ^>P>f(t) = -t 2 -2t + --5,t>2(Dox + u>2) 

4 t 

F(t) lien tuc tren [2;+oo ^ ^ —- > 0,Vr > 2 nen 

Bai 5: Cho 3 so there dirong a, b, c thoa man abc = 1. Chung minh rdng: 

a 2 b 2 c 2 i 

(,ab + 2)(2 ab +1) + {be + 2)(2 be +1) + (ac + 2)(2 ac +1) “ 3 


Bai siai 
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Ta co P = -7 - 7—7 - 7 - + -7 - 7—7 -- 7 - + 7 -t— 7 -t- 

{ b+ lj 2b+ ^) ( c+ C)( 2c v) ( fl v)( 2fl+ c) 

Vi a, b, c duong va abc = 1 nen dat a = —,b = —,c = - voi x, y,z > 0 

x y z 

1 1 1 


Khi do VT = 




+ 2 — —+ 2 — —+ 2 — —+ 2 — — + 2 — — + 2 — 
X A X Xj {y yj{y yj U zAz Z 


(y + 2z)(z + 2y) (z + 2x)(x + 2z) (x + 2y)(y + 2x) 

Ta co: (y + 2z)(z + 2y) = yz + 2y 2 +2z 2 +4 yz = 2(y + zf + 5yz < ^(y 2 + z 2 ) 


Suyra - 


2 x 1 


(y + 2z)(z + 2y) 9 y 2 + z : 

Tuong ty co: 


( 1 ) 


; 


{z + 2x){x + 2z) 9 x +z (x + 2y)(y + 2x) 9y 2 +x' 

2 f x 2 y 2 z 


(3) 


Cong (1), (2), (3) ve theo ve ta duoc VT > 


y+z x + z y +x 


.ai co ^ 

= —((x 2 + y 2 )+(y 2 + z 2 )+{z~ +x 2 ))( —— 

2 v \y + 


9 V y + z x + z y + x 

1 1 1 


2 2 . 2 


y + z x + z y +xf 

1 1 


+ z 2 x 2 + z 2 y z + V 


1 3 
3 > —.9-3 = — 

2 2 


Bai 6: Cho 3 so thyc duong x, y, z thoa man : 
Tim gia tri nho nhat cua bieu thuc: P = 


yz + V 8 + x 3 zx + yjs + y 3 xy + yjs + z 3 


Bai giai 

Lai co yjs + x 3 = J{2 + x){4 - 2x + x 2 ) < 6 X + X . Dau “=” xay ra khi | 1 

2 |_x = 2 

fy = 1 


\Js + y 3 = y](2 + y)(4 - 2y + y 2 ) < -— ~^ + y . Dau “=” xay ra khi y ^ 


y/s + z 3 =y](2 + z)(4-2z + z 2 )< 


-— Z + Z . Dau “=” xay ra khi I 
2 \z = 2 


(• x+y + zf 


- = 2 .- 




{x+y + zf 


2(xy + yz + xz)-(x + y + z) + x + y +z +18 (x+y + z) -(x +y + z)+ 18 


Dat t = x + y + z dieu kien t > 3. Ta co P > - 


- voi t > 3 
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, 2 1 2 

Xet ham so fit) = - -tren [3;+ qo ) 

r -r+ 18 

^ , . r*=o 

Taco f'(t) = Oo\ , lim fit) = 2 

\ t = JO 

Bai 7: Cho a, b, c la do dai ba canh cua mot tarn giac thoa man 2c + b = abc. Tim gia tri nho nhat cua 

,.*,'0 3 4 5 

bieu thuc S =-1-1-. 

b + c-a a+c-b a+b-c 


Bai giai 


Ap dung bat dang thuc — + — >- ,x> 0,y>0. 

x y x + y 


l 1 , 1 

3 r 1 , 1 \ 

\b+c-a a+b-c) 

ya+c-b a+b-cJ 


^S>- + -- 
c b 


Tu gia thiet ta co - + - = a,nen - + - + — = 2\ -+-+—j = 2\ a + -j >4>/3. 

c b ebayebajy a) 

Vay gia tri nho nhat cua S bang 4>/3 . Dau bang xay ra khi a=b = c = yj 3. 


6 

a 


Bai 8: Cho a,b,c la cac so thuc khong am thoa man ao + c 2 b 2 +1 < 3 b. Tim gia tri nho nhat cua bieu 
1 4 b 2 8 


(a + l) (1 + 2 b) 1 (c + 3) 


Bai siai 

1 4b 2 8 1 1 


(«+i) ( l+2b Y ( c+3 ) (« +1 ) ( c+3 ) 


Bat d = -, khi do ta co: a 2 b 2 +c 2 b 2 +1 < 3b trd thanh a 2 +c 2 + d 2 < 3d 
b 

_ 8 ^ 64 _ 256 

+ 2 J + ( C+3 ) 2 ~ ( a + | + c +5 J = ( 2a+d+2c+1 °) J 

Ma: 2a + 4J + 2c<a 2 +l + J 2 +4 + c 2 + l = a 2 + J 2 + c 2 +6<3(i+6Suyra: 2a + J + 2c<6 
Do do: P > 1 nen GTNN cua P bang 1 khi a = l,c = l,b = Y 

Bai 9: Cho a, b, c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc: 

„ a + 3c 4b 8c 

P =-+-. 

a + 2b + c a + b + 2c a + b + 3c 

Bai giai 


Matkhac P = - 


(«+i) 


(c + 3f 
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{ x = a + 2b+c \a = -x + 5y-3z 
y = a+b + 2co\b = x-2y + z 
z = a+b+3c [c = -y + z 
Do do ta can tim gia tri nho nhat cua 
p _ -x+2y + 4x-Sy+4z _-8y + 8z _ 


(rlH?*?)-" 


P>2 l—.*y+2 -17 = 12^2-17; 

V y x z y 

Dang there xay rakhi b = (l+y/2^a,c = (4+3y/2^a 
Vay GTNN cua P la 12>/2-17. 


Bai 10: Cho a,b,c la 3 canh cua 1 tam giac co chu vi bang 3. Tim gia tri nho nhat cua 
D _ (a+b-cf ( b+c-af (c+a-bf 


Ap dung BPT CAUCHY ta co 


Bai siai 


( a+b-c) c 1 (a+b-c) c 1 , ( a+b-c) Ac 1 

--— H—I- - > 3« 3 - =a+b-c =>-- ’—>a+b - 

3c 3 3 V 3c 3 3 3c 3 3 

(£ + c-a) 3 4 a 1 (c + a-6) 3 4 b 1 

Tuongtu: - ’—>b + c -; - —>c + a - 

3a 3 3 3 b 3 3 

Suyra P>^(a + b + c)-l = l 

P -1 khi a = b = c = 1 

Vay min P = 1 khi a = b = c-\ 


Bai 11: Cho a,b,c la cac so duong. Tim gia tri nho nhat cua bieu there: 
M = . 


a 3 

^ , , 

1 

]ja 3 +(b + c) 3 + ) 

b 3 +(c + a) 3 ]j 

c 3 + (a + b) 3 


Bai siai 


Theo bat dang there Co-si, voi x > 0 , ta co: 

I -7 i w (l + x) + (l-x + x 2 ) x 2 

^7 = p + x)(l-x + x 2 )< K - - L-L - ’=! + - 

Ap dung ket qua tren voi a>0, b>0 va c>o, ta duoc: 


1 


1 


1 


a 3 +(b + c) 


( b+t 


If b+c 


1 + 


b~+c a +b +c 
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b 3 


b 3 +(c + aj a 2 +b 2 +c 2 ^ c 3 +(a+b ) a 2 +b 2 +c 2 

Cong ve theo ve cac bat dang thuc tren ta ducrc: 

7 a~ b 2 


a 3 +(a+b) ]jb 3 +(c + a ) yc 3 +(a+b) a +b +c a +b + c 

Vay gia tri nho nhat cua bieu thuc bang 1 khi a=b=c. 


Bai 12: Gia sir a, b, c la cac so there duong thoa man a + b + c = 1 .Tim gia tri nho nhat cua bieu thuc: 


P= 


(b + c) + 5 be (c + a) + 5 ca 4 


--(a + b) 2 . 


Bai giai 


Ap dung bat dang thuc cosin, ta co 


0 b+cf+5bc 


Tuong ter, ta co 
Suy ra 


4b- 


(c+ ay + 5 ca 9(c+ a) 


4( a 2 | 


(b+c) 2 +5 be ( c+a) 2 +5ca 9^ (b+c) 2 (c + a) 2 

(a + b) 2 


(b + c) + — (b + c) 

4 


9 { b+c c + a 


4 a 2 

~ 9(b + c) 2 


= 2 ( a 2 +b 2 + c(a + b) V > 2 
9 [ ab+c(a+b) + c 2 J 9 


+ c(a + b) 


(a+b) 2 


K 4 

Vi a + b + c = 1 <^>a+Z? = l-cnen 


+ c(a+b)+c 


_2( 2(a + b) 2 + 4c(a + b) 

9 y (a+ b) 2 + 4 c(a+ b) + 4 c 2 


9^0 


>] 


-| 2 2 | --( 1 - C ) 2 =-|1 -— | — — (1 — c ) 2 ( 1 ) 

9^(1-c) 2 +4c(1-c) + 4c 2 J 4 9^ c + lj 4 


Xethamso f( c ) = -{ 1—— 1 --(l-c) 2 voi cg(0;1). 

9 v c + 1) 4 

Ta co / ’(c) = — 11 ——). 2 , --(c-1); / '(c) = 0 o (c - 1)(64-(3c + 3) 3 ) = 0 o c = - 
9 c + lj (c + 1) 2 2 3 

Dera vao bang bien thien ta co f(c) > ~ voi moi c g (0;1). (2) 

Tir (1) va (2) suy ra P > ~, dau dang there xay ra khi a =b = c = ^ 


Bai 13: Cho cac so there duong a,b,c thoa man ab>l\c(a+b + c)>3 

Tim gia tri nho nhat cua bieu thuc P = b + ^ c + a + 2c +6ln(a + b + 2c) 
& - 1 + a 1 + b v ’ 
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Bai giai 


a + b + 2c + 1 a. + b + 2 c +1 ,, ✓ , s , .( 1 1 , 

P + 2 =- 1 -h61n(a + fr + 2c) = (a + Z? + 2c + l)-1-+ 61n(a + Z? + 2c) 

1 + a 1 + b v V \l + a 1 + bj K ’ 

Ta chung minh dirge cac BDT quen thuoc sau: 

1 1 2 , /—— ab + 1 /-x 

1 + a l + b 1 + 4ab w 2 w 

That vay, +) + <^>(2 + a + fr)(l + Vafr)>2(l + a)(l + fr) 

o^yfa-y/b^j [Jab- 1)>0 luon dung vi aZ?>l. Dau “=” khi a = b hoac ab = 1 
yfab < <=> {4ab -lj > 0. Dau “=” khi ab=l. 

1 1 T O /I A A 1C 

Do do, -+-> 


1 + a l+b 1 + yfab ^ | ab + l 3 + ab ab + bc + ca + c 2 (a + c)(& + c) (a + b + 2cf 
2 

, , . 16(r+l) 

Dat t = a+b + 2c,t > 0 tacoP + 2>/(r) =——^ + 61nr,r>0 

6 16(r + 2) _ 6r 2 — 16f — 32 _ (r-4)(6r + 8) 

' ' t t 3 t 3 r 3 

Vay, GTNN cuaP 3 + 61n4 khi a=Z? = c = l 


gar 14: Cho cac so thuc a, b, c khong am thoa man a +b +c -1 .Chung minh rang 
1 1 1 < 9 

l-a& 1-Zrc 1-ca 2 


1 


1 19 a& be 

-1-1-< — <=>-1-1-- ^ — 

1-aZ? 1 — be l-ca 2 1 -ab 1 -be 1-ca 2 

silr\ O /il\ O /ill 

Ta co - 


Bai giai 

^ 3 


1 -ab 2a 2 + 2b 2 +2c 2 -2ab a 2 +b 2 +2c 2 
b 2 


Theo bat dang thuc Bunhiacopxki 
Vay 

J 1 -ab 2ya 
Tuong tu <- 


(' a+b ) 2 


a 2 +c 2 b 2 +c 2 a 2 +b 2 +2c 2 a 2 +b 2 +2c 2 


2 2 U 2 ^2 



1 _E_<I| 

^ ! g2 _1 

\J) 2 +a 2 c 2 +a 2 j 

T - ac 2 

^a 2 +& 2 c 2 +b 2 J 


, , >3 

Cong lai ta co dieu phai chung minh. Dau bang khi a = b = c = —. 
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§4: BAT DANG THUt BA BIEN KHONG DOI XLiNG 

^ _ ) 


Bai 1: Cho cac so thuc jc, y,z thoa man x>2,y>l,z>0. Tim gia tri Ion nhat ciiabieu there: 
1 1 


2yjx 2 + y 2 + z 2 - 2(2x + y - 3) y(x- l)(z+l) 


Dat a = x-2,b = y — l,c = z => a,b,c > 0 => P = 


Bai giai 

1 


2 \/a 2 +b 2 +c 2 +1 ( a + h(b+ l)(c+1) 


Ta co a 2 + b 2 + c 2 +1 > ^ >^(a+b + c + 1) 2 . Dau “=” xay ra khi a = b = c = 1 


Mat khac (a + l)(b+ l)(c+1) < 


(a + b + c + 3) 
27 


1 27 

Khi do P < -t • Dau “=” xay ra khi a-b = c = 1 

a+b+c+l (a + b + c + 3 ) 

Dat t = a+b+c + 1>1 . Khi do P<- - ^—r,t> 1 

t (t + 2) 3 

r / \ 1 27 . .... 1 81 8h 2 -(t + 2) 4 

t (t + 2) 3 f 2 (f + 2) 4 t 2 (t + 2) 4 

Xet /'(/) = 0 <=> 8 h 2 - (t + 2) 4 = 0 <=> t 2 - 5/ + 4 = 0 <=> t = 4 (do t> 1) 
lim /(f) = 0 


Bang bien thien 


t 

14 +CO 

f(t) 

+ 0 

f(t) 

1 

0 0 


Tir BBT Ta co maxf(x)=f(4)= ^ 


1 \a = b = c = 1 

Vay ma xP = f(4) = -<=> 1 oa = b = c = l^>x = 3;y =2;z=l 

8 1 a + h + c + 1 = 4 
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p a + 3c | 4b 

8c 

a + 2b + c a + b + 2c 

a + b + 3c 


Bai siai 


1 x = a + 2b+c \a = -x + 5y-3z 

y = a + b + 2co\b = x-2y + z 
z = a+b+3c [c = -y + z 
Do do ta can tim gia tri nho nhat cua 
-x+2y 4x-Sy + 4z -8y + 8z _ 


P = - 


y 


(f?)- 


8 jy + 4z 
z y 


P>2 —.— + 2 —.— -17 = 12^2-17; 

v y x v z y 

Dang thuc xay ra khi b = {l+yf2 > ja,c = {4+ 3>/2 ja 
Vay GTNN cua P la 12^2-11. 

Bai 3: Cho x, y, z la ba so duong thoa man: 

Tim gia tri Ion nhat cua bieu thuc: P = 


3x+2y+z+l 3x+2z+y+l 
2(x + 3) 2 +y 2 +z 2 -16 
2x 2 +y 2 +z 2 


=(x+y)(x+z). 


Bai siai 

„ ' / w w (x + y + x + z) 2 (2x + y + z) 2 f 1 1 

4 4 ^3x + 2y+z + l 3x + 2z+y + lJ 

rp > 8 (2x + y + z) 2 

Tu gia thiet suy ra: -< ---- — 

3(2x + y + z) + 2 4 

8 t 2 

Dat 2x + y + z = t (t > 0) => ——-< — «>(t-2)(3t 2 + 8t + 16)>0 <=>t>2=>2x + y + z>2 

2 

Ma: 4 < (2x + y + z) 2 < (2 2 +1 2 +1 2 )(x 2 + y 2 + z 2 ) <=> x 2 + y 2 + z 2 > - • 

= 1 + - 


3(2x + y+z) + 2 


„ , 2x 2 +y 2 +z 2 +12x + 2 . 12x + 2 

Ta co: P = 


12x + 2 . 36x + 6 

- <1 +-= 1 + —-- 

! x^ + 2 3x2 + 2 

3 


2x 2 +y 2 +z 

36x + 6 
+•—— 

3x 

Suyra: f(x)<10=> P<10. 

, , 2 1 

Vay gia tri Ion nhat cua P la 10. Dau “=” xay ra khi: x = —,y = z = -- 


Xethamso: f(x) = l + 36x + 6 vdi x>0. f'(x)= + x 2 ) f( x ) = o< 

V ' 3x +2 (3x 2 +2) 2 


x = —1 (loa'i) 

2 r ( 2 


f r =10 
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Bai 4: Cho cac so thuc duong a, b, c. Chung minh rang: 


6 (a + 6 + c) 


a + 2 6 + 3 c + 1 a + 6 + c + 6 


Bai siai 


Bat dang thuc tuomg duong vdi 


b + c + 6 __ 6(a + 6 + c) 

4 a + 6 + c + 6 

( a ~ 2 j . I 6 - 3 )’ . ( c ~ 1 )\ (y+b+c-tf ,,( a ~ 2 ) 2 . ( 6 ~ 3 ) 2 ( c ~ 1 )\ (y+b+c-ef 


(a + 2 

2o ^ f6 + 3 

36 ( c + 1 c ^ 

{ 4 

a + 2 J + ^ 4 

_ 6 T 3 J + {—4- ~ 7 +ij 


4^a + 2j 4^6 + 3^ 4^c + l) 4^a + 6 + c + 6^ a + 2 6 + 3 c + 1 a + 6 + c + 6 

Ap dung bat ddng thuc Cauchy - Schwarz ta co 

P (a — 2) + (6 — 3) + (c — l)T (a + 6 + c-6) 2 

FT(2) > ^= 4 - ’-= VP(2) 

' ' (a + 2) + (6 + 3) + (c + l) a + 6 + c + 6 V ’ 

Dau bang xay ra khi va chi khi a = 2; 6 = 3; e = 1. 

Vay bat dang thuc (2) dung. Do do bat dang thuc (1) duoc chung minh. _ 

Bai 5: Cho a,b,c> 0 thoa man a + 2b>c va a 2 +b 2 +c 2 -2 = ab + bc + ca . Tim gia tri Ion nhat cua 

a . , a + c + 2 a + b +1 

bieu thuc P = — ---t-—-- 

a[b + c) + a + b + \ [a + c)[a + lb - c) 


Bai siai 

2 + ab + 6c + ca = a 2 + 6 2 + c 2 > a 2 + 26 c => 2 ab + ac +1 > a 2 + ab + be + ca 

a | 6 ale 

=+ 2 ab T oc T 1 0 + 6 a c =+ ab T oc +1 +-=+ a 6 -|- c + 0 + 6 +1 


a + 6 a + c a +6 a + c + 2 

- a ■ 6 ~^ ci 6 | c | ci j- 6 +1 >- 


a T c T 2 


ci T c a + 26 — c ^ — a + c + a + 26 — c 
4 


a + 6 


a 6 + c T 0 T 6 T1 a + 6 
a + 6 +1 a +6 +1 1 


a + c 0+26 — c 


0 + 6 


a + 6 


Khi do P < — - - - - -= —- - - ;t = > 0 

0+6 0+6 a+b 2 0+6 a+b 2 0+6 


0+6 


Xet ham so ft =t-1 ;t > 0 ,f' t =1-2 tj't = 0 = - 

1 
2 


fV) 
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m 


Ket luan: MaxP = —, khi a = ^ ^ , b = 

4 2 


2 — V2 

" 2 


Bai 6 : Cho a, b, c la cac so thyc khong am thoa man 8(a 2 + b 2 + c 2 ) = 3(a + b + cf. 
Tim gia tri Ion nhat ciia bieu there P = a(l - a 3 ) + b(l - b 3 ) + c. 


Bai giai 

Tir gia thiet ta co: 5c 2 - 6 (a+b)c + (a+b) 2 < 0 <=> ^(a+b)<c<a+b . 
Taco a 4 +b 4 >-(a+b) 4 Va,b => P <2 (a+b)--(a+b) 4 


Xet f{t) = 2t-- (t>0),/'(0 = 2-y;/'(0 = 0«r = W 


t 

0 


3/4 

+CO 

f(t) 


+ 

0 


f(t) 

3^/4 

2 


+) MaxP = 


3^/4 




: = W 


Bai 7 : Xet cac so thyc a,b,c thoa man a + b + c = 3 va a 2 +b 2 +c 2 =27. 

Tim gia tri Ion nhat cua bieu there P = a 4 -b 4 -c 4 + ab(a 2 -b 2 ) + ac(a 2 -c 2 )-bc(b 2 +c 2 ). 


Bai giai 

P = a 4 -b 4 -c 4 + a 3 b-ab 3 + a 3 c-ac 3 -b 3 c-bc 3 =a 3 [a+b + c)-b 3 (b + a + c)-c 3 (c + a + b) = ?>[a 3 - b 3 -c 3 
(a 3 -b 3 -c 3 ) = a 3 ~(b + c)(b 2 +c 2 -be ) 

6 + c = 3-a; be = ^[{b + cf -(b 2 +c 2 )] = ^[(3-a) 2 -(27-a 2 )] = a 2 -3a-9 

Do do a 3 -b 3 -c 3 = a 3 -(3-a)(27-a 2 -a 2 +3a + 9) = -a 3 +9a 2 +27a-108 
Ta co b + c = 3; be = a 2 - 3a-9 
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Taluonco (b+c) 2 >4bc,\/b,c .Dodo (3-a) 2 >4(a 2 -3a-9)<=>ae[-3;5] 

Taco f = -3a 3 + 27a 2 + 8 la - 324 

Xet ham so /(a) = -3a 3 + 27a 2 + 8la -324 xac dinh va lien tuc tren [—3;5] 

/'(a) =-9a 2 + 54a+ 81; /(-3) = -243 

a = 3 + 3>/2 £ [—3;5]; /(5) = 381 
a = 3-3V2e[-3;5] f(3-3y/2) = 81-324V2 
Vay GTLN cua /(a) bang 381 khi a = 5 
Do do GTLN cua P bang 381 khi a = 5; b = c = -1 


/'(a) = 0«- 


Bai 8: Xet cac so thuc duong a, b, c thoa man ab + be + ca = 7abc. Tim gia tri nho nhat cua bieu thuc 
„ 8a 4 +1 108£> 5 +1 16c 6 +1 


Bai giai 

Viet lai gia thiet ve dang — + - + - = 7. 

a b c 

Ap dung bat dang thuc AM - GM, ta co A = 8 a 2 + —^ > 4," =" <=> a = - 

2 a~ 2 

B = 54b 3 + 54b 3 + + ~^r > 10," =" <=> b = -; C = 16c 4 + -^ T + -!- T >3,' , = "^c = - 

9b 2 9b 2 9b 2 3 4c 2 4c 2 2 

Tu do, voi D = —-7 + —y + — 7 , theo bat dang thuc Cauchy - Bunhiacopsky- Schwarz, thi 
2 a” 3 b 2c 


P=A+B+C+D> 4 + 10 + 3 + 


| 1 1Y , jn „ 1,1 

.- + - + - = 24, = o a = c = — ,b = -. 

2 + 3 + 21 a be) 2 3 


, ' a 4 b 9c 

Bai 9: Cho cac so duong a, b, c. Chung minh rang-+-+-> 4. 

b+c c+a a+b 


Dat t = b+c; y = c + a; z=a+b- 


Bai siai 

-x+y+z x-y + z x + y- 

=- \b =-; c =- 

2 2 2 

Do a, b ,c> 0 nen x, y, z >0. Kh i do: 

a + 4b + 9c _ -x + y + z + 4(x-y + z) + 9(x + y-z) 
b+c a+b a+b 2x 2y 2z 

i- 2 -!>ff + -Hf + r>f- + r>- 7+2+3+6 = 4 ' 

2 2) \2x y) \2x 2z) {y 2z) 


, (loai) 


f y = 2x 
z = 3x <7> ■ 

jc + a = 2{b + c) J i 

[3y = 2z 

\a+b = 3{b+c) \ 


Vay dang thuc khong xay ra, tdo do ta co dpcm. 
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, , f x + y + z = 0 

Bai 10: Cho ba so thuc x, y, z thay doi thoa man < 0 . Tim gia tri Ion nhat ciia bieu thuc 

l* ' "-° 


[x 2 + y 2 + z =2 


P = X 3 + y 3 + Z 3 


Bai giai 

Co x + y + z = 0=>z = -(x + y)=>P = x 3 + y 3 -(x+y) 3 = 3xyz 

Tu x 2 + y 2 +z 2 = 2 => (x + y )~ - 2xy + z 2 = 2 => 2z 2 - 2xy = 2=> xy = z 2 — 1 

Vay P = 3z(z 2 -l) 

Do 2 = S + ,’ + z’2±(* + y? + z’ = lz^-^ziJl 
Bat P = f(z) = 3z 3 -3z voi ze 

Co /'(z) = 9z 2 -3,/'(z) = 0<=> 



Taeo: /1 Jlj- ^ 

2.2 1 
Do vay max P = —== khi z = —j= ;x = y = —-=■ 
v 3 V3 V 3 


Bai 11: Cho cac so thyc x,y,z thoa man x>2,y>l,z>0. Tim gia tri Ion nhat ciia bieu thuc 
1 1 


2^x 2 + y 2 + z 2 -2(2x+y-3) y(^“l)(z + l) 


Bai siai 

1 


Bat a = x-2,b = y-\,c = z 

Taco a,b,c> 0 va P = — . = - 7 - 77 - 77 - 7 

2\la 2 +b 2 +c 2 +1 (a + l)(fc + l)(c + l) 

Taco a 2 +b 2 +c 2 +1> ( a+ ^) + ^ C+ ^ > ^-(a+fr + c + l) 2 

Dau "=" xay ra khi va chi khi a-b = c = 1 

Matkhac (a+l)(fr + l)(c+l)< ( a+ ^ + c + 3 ) 


27 


Khi do: P<- 


1 


27 


a + b + c + l ( a +b + c + 3) 3 


r-. Dau“=” <=>a=b = c = \ 


(t + 2) 3 
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Xetham f(t) = - - ^—r,t> 1; f'(t) = -^- + — 

U t (f + 2) 3 W t 2 (t + 2) 4 

f\t) = 0o(t + 2) 4 =81r <»r 2 -5t + 4 = 0<»r = 4(do r>l) 

Hm/(0 = o 

Tu' bang bien thien ta co 
msx.f(t) = f(4) = ^ot = 4 

, . 1 [a=b = c = \ 

max P = f (4) = -<?>< <=>a=& = c = l<=>x = 3;y = 2;z = l 

8 [a+Z? + c + l = 4 

Vay gia tri Ion nhat cua P la ^, dat duoc khi (x; y; z) = (3; 2;l) 

Bai 12: Cho a,b,c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc: 

a + 3c 4b 8c 

a + 2 Zj + c a + b + 2c a + b + 3c 
Bai giai 

{ x = a + 2b+c fa =-x + 5y-3z 

y = a + b + 2co\b = x-2y + z 
z = a+b + 3c [c = -y + z 

Do do ta can tim gia tri nho nhat cua 

p _ -x+2y | 4x-8y + 4z -Sy+Sz _f 4x + 2/| f8y + 4z"|_ ]7 


Pk2 +2 m.**-n=i2j2-n 

v y x \ z y 

Dang thuc xay ra khi b = (l + >/2j a,c = ^4 + 3>/2) a 
Vay GTNN cua P la 12^2-17 


Bai 13: Cho cac so thuc khong am a,b,c thoa man dieu kien ab+bc + c = 1. Chung minh bat dang 
2 a 2b c 2 -13 


thuc:- 


a 2 +1 b 2 +1 c 2 + l 2 


Bai giai 

Tu gia thiet ab + be + ca = lta co a 2 +1 = a 2 + ab + be + ca = a{a + b) + c(b + a) = (a + b)(a + c ). 
Tuong tu b 2 +1 = (b + c)(b + a) va c 2 +1 = (c + a)(c + b ). 

a b a b 1 + ab 

Tu do suy ra: 


a 2 +l £> 2 +l ( a + b)(a + c) (b + c)(b + a ) ^(a 2 +1 ){b 2 + l)(c 2 +1) 

1 + ab _1 ^ 1 

yjil + abf + ia-b) 2 \/c 2 +1 ” \/c 2 +1 
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Hay 2a i 2b i 2 \ c ~ l -l\ 2 _ — 

a 2 +1 b~ +1 c 2 +1 jc 2 +1 c 2 +l y/ c 2 +i c 2 +l 

Xethamsd /(0 = l + --4tren [1 ;+qo)co f'(t) = -~ + ^r;f'(t) = Oot = 2 

t r r r 

' 3 2 2 3 

Tir bang bien thien ta co: max f(t ) = /(2) = - hay 1 + , —-— < -. 

[l;+oo) 2 yc 2 +1 c +1 2 

Ta co bat dang thuc can chung minh. 


r ' , y Cl 4 b 9 c 

Bai 14: Cho cac so duong a, b, c. Chirng minh rang: -+-+-> 4 

b + c c + a a + b 


Bai giai 


Bat x - b + c;y - c + a;z = a + b => a - 


-x + y + z m 


2 2 

Do a,b,c > 0 nen x,y,z> 0. Khi do: 

a + + 9c _~x + y + z + 4(x-y + z) + 9(x + y-z) 

b + c c + a a + b 2x 2 y 2 z 

44- 2 4Mf + -M^rM- + ?>- 7+2+3+6 = 4 

v 2 2) \2x y) \2x 2zj {y 2z) 

h \c + a = 2(b + c) [a = 2b 

Bang thuc xay ra <» {z = 3x <=> < , <=> < (loai) 

} 3y = 2z \a + b = 3(b + c) V = 0 ' 

Vay dang thuc khong xay ra, do do ta co dieu phai chung minh 


Bai 15: Xet x,y,z la cac so thuc duong thoa man xy + xz + l = x. Tim gia tri Ion nhat cua bieu thuc 
P = (xy+XZ+ 2)[ l + l|l-±) 


Cach 1 

Tugia thiet ta co : y+z+—= 


Bai siai 


ico: (xy + xz + 2)(1 + —) = (x 4-1)(1 + —) > (1 + /—) 2 > (1 -t——) 2 => P < (1 + ) 2 (1 - —) 

y y V y l-z l-z 3z 

t ham so : /(z) = (1 h——) 2 (1 - —) voi z e (0;1) 
l-z 3 z 

2 ( 4 4 4 2 ^ 

/’(z) = (l + --) -ryO-—) + T-i-(! + -j-) 

l-z ^(1-z) 3 z 3 z l-z J 
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Z 2 


Vay 4,=-j^«Ur.z) = (4;1) 

Cach 2 


xy + xz + \ = x^> y + z + — = 1. Bat a = x,b = — ,c = — =>- + — + - = 1, Nen cz,Z?,c>l 
x y z a b c 

-3P = -(xy + yz + 2)^l + ^3-^ = (x + l)[^l + ij^-3j = (a + l)(Z7 + l)(4c-3) 

Taco: ^—^ = - + ->-^L= => >-^- = 2 + -^-. Lai dat: t = c-l>0. Taco: 

c a b yjab c- 1 c -1 

(a + l)((j + l)(4c-3)>(4c-3)(l+^) 2 >(4c-3)^3 + ^-j-j =(4/ + l)|3 + yj =/(() 

/ .( 0 = 4 (3 + l) , ( 3, + 2 < )- 4 t - 1 = 4 ( 3 + f) ( , - 1 >( 3,+1 ) 

/'(r) = 0<=>r =1 (do: t> 1) bang bang bien thien suyra: f (?) > f (l) = 125 
—3P > 125 => i 5 < ~~ • Max = -^khi (a,b,c) = (4A,2)<^(x,y,z) = ^\^ 


Cach 3 


11 XL X X . XL 


Taco: xy + xL + l = x^\ x + - \ + ^ = ±^±>^ + 2 x- = z.- + 2 - 

l yj y y y y V y 

=> t 2 > z.t 2 + 2r=>r(l-z)>2(*)=>l-z>0=>0<z<l 

(c+l)(y+l) 1+3(1—z) 
y 3z 

s _r- +2 |z +1 ii^(h£i = _ (<!+2<+1) i^(iz£i 

I V M V I ^7 ' > ^7 




Khido: /=* = —(xy+xz+2)| 1 h—J j^-—1] = — 


= -| JC + - + - + 1 

y y 


1+3(1—z) 
3z 


Theo (*) ta co: t > —=> t 2 > — 

1-z (1 -z) 

l+3 0 *) ) . .( 4 . 4 


(1-z) 2 1-z 


l + 3(l-z) 
3z 


(l-z) 2 l-z J\3(l—z)-3 


= l^ + 7 + 1 ]-^Z 5 = / W' V “ « = i-z=»o<'<i 


Xet sir bien thien cua ham so de dang suy ra dirge ham so da cho co GTLN la —— khi t = —. 
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Bai 16: Cho cac so thuc dirong x, y, z thuoc thoa man ^ 


x y z x+y+z 


. Tim gia tri Ion nhat ciia bieu 


(x-y)(y-z)(z-x) 


Bai giai 


Cach 1 


<=>16 = | 1 +- + - 


> z i + ^ + * 

X X 

*. | 1 j z x . z x y . 

f- =1 + —+ - + —+ 1+ —+ - + —+ 1 


f)B4 

3+—+—+f y + *)J * + y)>3 + z + * + 2.^ + 2 A l^ = 3 + z + * + 2M + 2M 
X z {x yj {y z) x z \x y y z x z \x \ z 

•at t = J-> 0. Khido taco: 16>3 + ^ + t 2 + - + 2t o t 4 + 2t 3 -I3t 2 +2t + l<0 
\z r t 

^, + j_ 3 )(, + i +S ) S 0o ( + i S 3^^,^ 


= MHM = ^i-JtY:i-l-Z + iY 1-*' 


-(I 


3 






2 2 -2(t-if (t 2 +t + l) 

Xet / r (0 = 2+4-2t-4 = —-4-^ = 0^t = l 

W t 2 t 3 t 3 

Ta co bang bien thien: 


t 

1 

f(t) 

- 0 - 

f(t) 

Dya vao bang bie 

0 

a thien ta co Metx P — AT&x f (Y) — f ^ ^ 
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fT_3-y/5 r 2 

\z~ 2 


y 2 =xz (=) 

111 16 

-+—+-=- 

x y z x+y+z L 


"7-3V5' 


\ 7 -3^/5 


Cach 2 

Gia su b nam giua a va c. Dat: A = — + - + -■,B = - + - + — -> A + B = 13. Ta co: 

b c a c b a 


^ + ^ + ^] + [ + ] = (^ 2 -25) + (5 2 -2A) = (A + B) 2 -2(A + B)-2AB = 143-2AB va 


b c 
f— 
Zr 


16 = (a + Z> + c)f — H-f - j = J[ fl2 + b 2 + c 2 + 2(ab + be + ca)^ 


—+ tt + ^ + 2 —+ —+ — 


> ( a ! +fc 2 +c ! - + - + -U2 (ab+bc+ca)\ — 


a 2 +b 2 +c 2 )\ — + — + —\+%=>(a 2 +b 2 +c 2 )\ — + — + —\<64 


IS 


<=>| tt + ^y + ^y |+ y + ^+^ <61«AB>41.Taco: 


|~ ( a C ^ C = (A-bY = (A + B) 2 -4AB < 13 2 -4.41 = 5 => P < V? 

L «z?c j 

a(l + >/5) 


fVc =^fa+yfb 
l c 2 +c 2 a 2 = 2abc(a + b + c) =Y ^ .— r -1 <- i-\< 


Dau "=" xay ra khi: 
fa 2 + Z? 2 + c 2 = 2(aZ? + Z?c + ca) 
ja 2 Z> 2 +Zr 

^(a-Z?)(Z?-c)(c-a)>0 
j^- + ^- + -j(a+Z? + c) = 16. Suy ra dau 

Cach 3 


GP« +-+- = 13 



Dat ^ = >0) y>(i 2 +5r+l)(t 2 -5r+l)<0=> 3 ^ <t< ^ + ^ 


»t w J(++M++l(++)| 

I xyz | 
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•|'K; 


G/S xi,= > |P|=^-lj^-l|l-|J = ^-^ + ^ | + 11| 1-- |<| --2J-+1 || 1-- 


.. (3+Js) r r ( 3 + ^f ( 3 + ^) 


2 J 4 2 

Cach 4 

Gia sit a = max {a, b, c} , ro rang ta chi can xet dieu kien a>c>b 

Bat - = x,- = y. Tu - gia thiet ra suy ra 
c b 

11 1 i f I — 1 

13 = xyH-1-h x + y-\ - >xy-\ -+ 2 Jxy + —= 

y x xy xy f yjxy 

+2 (^ + i) £1501sV ^^ 

Taco: p = (i-^)(i- > i)^i--lj<(i-^) 2 ^i--lj 
Bat yjxy — t g |\; — j, ta co: 

. , , 2 1 , v 2(t-l) 2 (t 2 + t + l) 

p=f{ t )=e-2t+- t - 7 -j'{t)= - -0 


3 + V 5 


Vay P < f | = -v/5 . Bang there dat dirge khi 

Cach 5: 




y z x z y x 

x 2 + yz | x 2 + yz | y 2 + z 
xy xz yz 
_ x 2 + yz-x(y + z) 
xyz 


=13o (fi±zfcL 13 _> 


Ma P = - 


13 y +z 


(*-?) = 

■(*->)= 


xyz 


f x 2 + yz 

y + z^| 

l xyz 


13 [l- 

v 

fli 


[y + z yz(y + z) yz \ y y +1 yfy + 

| Bai 17: Cho cac so thyc a, b, c thoa man a.b.c = lval<c<4 
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Tim gia tri Ion nhat ciia bieu thuc Q = 


1 + a 2 1 + b~ 1 + c 2 


1 + ab 1 + c c + 1 1 + c" 


Ap dung (*) ta co Q = 


Xet ham /(c) = — + — l — tren [1;4] 
c+1 1+c 


Bai siai 

1 


Ta c6f'(c) = 


2c 


(c + 1) 2 (c 2 +1) 


2c _ c — c-c + 1 _ (c-l)"(c +c + l) * r1 

= 2.-— ^ =2.—— , / >0tren [1;4] 


(c + l) 2 (c 2 +l) 2 


(c + 1) 2 (c+1) 2 


> f(c) dong bien tren [1;4]; /(c) = /(4) = | + ^ ^ 


Dau bang xay ra khi va chi khi 


c = 4 
abc = 1 
I a = b 
\ab = l 


a = b = — 
2 


Bai 18: Cho cac so thuc duong a, b, c thoa man a 2 +b 2 = 3c 2 + 4. Tim gia tri Ion nhat cua bieu thuc: 
n _ (b + c) 2 (a-c) t (a + c) 2 {b-c ) 3 


Bai siai 


Bat x = a + c, y = b + c, x,y > 0 ta co: 
n _x 2 (x-2 c) i y 2 (y - 2c) 


x y 

Dau bang xay ra khi va chi khi x = y <=> a = b, nen : P<x 2 + y 2 - 2c(x + y) - c 3 (0.5) 
Nhung x 2 + y 2 -2c(x+ y) = a 2 +b 2 -2c 2 = (a 2 +b 2 -3c 2 ) +c 2 = 4 + c 2 
nen P>-c 3 +4 +c 2 (0.5) 

~t = 0 

Xet ham so U = f(t) = -t 3 + 1 2 + 4 ,t e (0; +oo); f' ( t) = -3t 2 + 21; f'(t)=0o 2 


112 

Tu do ta co: P< , dau bang xay ra khi va chi khi 


a=b=2 JI 


va c = - 
3 


.a,b,c> 0 11 8 

Bail9^ Cho ( , , , CMR :^- 0 — + ^-^—~- 

2(a + 1) > b~ + c + 4be a +b + 1 a+c+1 4a +(b + c) +4 


Bai siai 
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BDT o [4(a 2 +1) + (b + cf ] [2 (a 1 +1 ) + (b + cf- 2 be] < 8 [(a 2 +1) 2 + (a 2 +1 ){b 2 +c 2 ) + b 2 c 2 ] 

<=> [4(a 2 + 1) + (b + cf ] [2(a 2 + 1) + (b + cf - 2bc\ < 8 [(a 2 + 1) 2 + (a 2 + 1)(Z? 2 + c 2 ) - 2 bc{a 2 + 1) + b 2 c 2 ] 

\x = a 2 +\ 

Bat \ y = (b + cf => 2x > y + 2z <s> 2x - y > 2z > 0 
\z = be 

EDT <=> [4x + _y][2 jc + y-2z] < 8[x 2 +xy-2xz + z 2 ] <=> Sx 2 + 6xy -Szx + y 2 -2 yz < Sx 2 +8xy -16xz + 8z 2 

<=> 2xy-Szx-y 2 + 2yz + 8z 2 > 0 2(xy-4xz-3yz + 12z 2 ) + 8yz-16z 2 -y 2 >0 

<=> 2(x - 3 z)(y- 4z) -(y- 4 zf > 0 <=> (y- 4z)(2x + z-y)> 0 

<=> y > 4z <=> (b + cf > 4be <^>(b-cf > 0 

Dau “=” <=> b=c 

Bai 20: Cho cac so there khong am a, b, c thoa man (a +1) (b +1)(c +1) = 5 . Tim gia tri Ion nhat cua 
bieu there P = {^[a + yfb + yfc^ -min{a,Z?,c} 

Bai giai 

Gia ser c = min (a,b,c) 

Khido P = (yfa + yfb + yfcf -c = a + b+2yfab + 2y[c(yfa+yfb) 


Lai co (a + l)(b + l)(c + l)=5^>a + b + ab + l = - 

c + 1 

Mat khac 5 > (c + l)(Va + Jbf => yfa+ Jb < J— 

V c + 1 

Ter do P <a + b + ab + l + 2y[c(yfa +yfb)<— — h2. 

c + 1 \c +1 

Xet him so /(c) = -2_ + 2 => f(c) m = / A = 6 

c+1 Vc+1 4 


Vay P inax = 6 tai ( a,b,c ) = (1,1,—) va cac hoan vi. 
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^ / -<i +2 _ ( _s =+ ^i±I ) <i +2 _3=d 

2 y/TVl 8c 2 2 


Cdu 22: Cho a,b,c> 0 thoa man a + 2b>c va a 2 +b 2 +c 2 —2-ab + bc + ca . Tim gia tri Ion nhat 

,, a + c + 2 a + b +1 

cua bieu thuc P = — --- 7 -—- 7 

a(b + c) + a + b +1 (a + c)(a + 2b - c) 


Bai giai 

Ta co : 2 + ab + be + ca = a 2 + b 2 + c 2 > a 2 + 2 be => 2(ab + ac + \)> a 2 + ab + bc + ca 

=> 2[ab + ac +1) > (a + b)(a + c) => ab + ac +1 > ---- 

/ x (a + b)(a + c) , . 

=>a(b + c) + a + b + \>± -- L + (a+b) 

, . (a + b)(a + c + 2) a + c + 2 ^ 2 

2 a(b + c) + a + b +1 a + b 

Lai co : ( a + c)(a + 2b - c)<^(a + c + a + 2b - c ) 2 = (a + b ) 2 
1 # + Z? + l 1 


1111 


(a + c)(a + 2&-c) (a + &)~ « + ^ (a + fr) 2 a + b (a + b) (a + b) 2 a + b (a + b) 2 

Bat t = —!— (t >0)Xet ham f (t) = t-1 2 (t > 0) => f'(t) = \ -2f, f'(t) = 0 t = — 

a + b y 2 

^ „ 1 1U . 1 2 + ^2 u 2-^2 

Vay Max P = — khi t= — ++ <2 =- ; b=c=- 

4 2 2 2 


Cau 23: Cho a, b, c la cac so thuc khong am thoa man a 2 b 2 + c 2 b 2 +1 < 3 b. Tim gia tri nho nhat cua 
1 4 8 


bieu thuc 


P = - 


(a + 1) (1 + 2^) (c + 3) 


Bai giai 
1 1 


(a + l) 2 (1 + 2 bf (c + 3) 2 (a + l) 2 f J_ V (c + 3)' 


Bat d = — ma a 2 b 2 +c 2 b 2 + l<3Z?=>a 2 +c 2 +d 2 <3d 
b 


Lai co p _ 1 + 1 + 8 

(a + l) 2 (d V (c + 3) 2 


(c + 3) 2 


(2a + 4 + 2c + 10) 2 
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Do 2a. + 4d + 2c<cr + l + d +4 + c +l=a~ +c +d~ +6<3d + 6^>2a + d + 2c<6=> P>1 

1 


Dau 


' xay ra khi a-\\c -1 ,b - — 


Bid 24: cho cac so there dirong a,b,cv a c = a 2 + ab + b 2 tim gia tri Ion nhat cua: 
1 1 3(ab + 2)y/2c 2 +36 


P = - 


a 2 + 2 b 2 + 2 


4ab(2c + 3) 2 


Bai giai 

Bai nay kha hack nao thi phai. Truoc tien lim y 
1 1 1 _ 4 ~a 2 b 2 _ (2-ab)(2 + ab) 


a 2 + 2 b 2 + 2 2 (a 2 +2)(b 2 +2) 2(a 2 +2)(b 2 +2) 


ta se chiing minh : 


(2 - ab)(2 + ab) 3(ab + 2)7^36 ^ Q _ 2ab(2-ab ) ^ 3^2c 2 +36 ^ ^ 
2{a 2 +2)(b 2 +2) 4ab(2c + 3) 2 (a 2 + 2)(b 2 +2) (2c+ 3) 2 y 

(a 2 + 2)(b 2 + 2) = a 2 b 2 +4 + 2(a 2 +b 2 )> 2(a 2 +ab+b 2 ) + 3 = 2c + 3 
Ngoai ra ab(2-cib) = l-(ab-l) 2 < 1 nen ta chi can chiing minh 

—2— < 3^2 (c +18 )^ ^ (c-12) 2 > 0 idling tir do P < - dau bang xay ra 
2c + 3 (2c + 3) 2 


ab = 1 / 1N (^13+3 ^/^3-3^) f ^/^3-3 y/l3+3'] , „ 1 

(a,b) = 2!-- ; 2!- -1 - vaymaxP = - 

' 2 2 2 2 - y 2 


a~ +ab + b —12 


Biii 25: Cho x,y,z la cac so there duong thoa man x 2 + y 2 + z 2 = 26 tim gia tri Ion nhat cua : 


P = - 


2 (x+y) 


8x + y + 2x + 29 (x + z + 1)' 


+10 y/(x + z)(y+ 2) - xz - 2y 


Bai giai 

(*)Ta co 2(xz + 2y) + 30 = 2xz + 4y + x 2 + y 2 + z 2 +4 = (x + z) 2 + (y + 2) 2 >2(x+z)(y + 2) 

=>xz + 2y >(x+z)(y + 2)-15. mat khac (x + z)(y + 2) + 25 > 10^/(x + z)(y + 2) 

Tir do 10V(x + z)(y+2) - xz - 2y < 10^/(x + z)(y + 2) -(x + z)(y + 2) +15 < 40 

(*)Tiep theo ta se chiing minh — 2(x+y) -< —1— ^ 2 (x + y)( z + x +1) < 8x 2 + y 2 + 2x + 29 

8x + y + 2x + 29 x + z + 1 

<» 2(x 2 +xy + yz+ zx) + 2(x+ y) < 8x 2 + y 2 + 2x+(x 2 + y 2 + z 2 ) + 3 
<=> 2(xy + yz + zx) + 2y < lx 2 + 2y 2 + z 2 + 3 .ap dung BDT am-gm : 

2z(x + y)<z 2 + (x+y) 2 => 2(xy + yz +zx) < z 2 + x 2 + 4xy + y 2 ta chi can co: 
z 2 + x 2 + 4xy + y 2 + 2y < 7x 2 + 2y 2 + z 2 + 3 <=> 6x 2 + y 2 - 4xy - 2y + 2 > 0 
<» 2(x -1) 2 + (y - x - 2) 2 > 0 idling. Tir day suy ra : 

2(x + y) _3_ 


8x +y"+2x + 29 (z+x+1)' z + x + 1 (z+x+1) 12 l^z + x + 1 6) 12 
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Tu cac danhgiatrentac6:P<^ + 40 dau ‘=’ xayra <»(x, y,z) = (1,3,4).vay max P = ^ + 40 


Bai 26: Cho cac so du'ong a,b,c sao cho a+b+c< 6 tim gia tri Ion nhat cua : 
p_ abc(5ab + Sca + 9bc ) 

_ (4a + 3b)(5b + 4c)(3c + 5a) 


Bai giai 


rr ' 1 ^ n J '• J n abc(5ab + Sca + 9bc ) 

Tnrac net ta viet lai P duoi dang : P = - 


5 8 9 

- + - + — 

c b a 


(4a + 3b)(5b + 4c)(3c + 5a) ( 4 + 3V5 + 4Y 1 + 5 

yb a b Jlya c 

J-.W, 3 4,5 ., , -x 3 4 5 , , a ., „ 3x + 2y + z 

Dat x = —;y = — va z = — gia thiet <=> — + — + — <6va can tim max P = --- 

a b c x y z (x + y)(y + z)(z + x) 

rp , 3 4 5? 9 16 25 24 30 40, , 

yx y z) x y z xy xz yz 

J 1 O 18 * 1 1 V 32 , 9 16 25 18 32 , 

9 — + — >— va 16 —+ — >— nen - 1 - + — I + — r > — + — tudo 
yx z J zx yz y J yz x y z zx yz 


x y z) xy xz yz xyz xyz 

3x + 2y + z < 3x + 2y + z _3v + 2y + z < 3 

(■x + y)(y + z)(z + x ) 2 Jxy. 2 Jyz. 2 Jzx 16 


Dau= xay ra <s> 


x=y = z 

3 4 5 o x=y = z = 2o(a, 

—I-1— = 6 


: ’ a ’ c)= ¥ 2 T. 


vay max P= — 
m3 16 


{ x+y+z =0 

.Tim gia tri Ion nhat cua bieu there 

x 2 + y 2 + /=2 

P=x 3 + / + 2 3 . 


Bai giai 

Co x+y+z=0=>z=-(x+y) => P= x 3 + y 3 ~(x+ yf =3xyz 

Tu )? + / + ? =2=>(x+yf -2xy+Z = 2 =^>2i ! -2.xy=2=>xy=i ! -1 

Vay P=3z(^-l) 

Do 2=x 2 + / + 2 *>l(x+y) 2 + / = |/^-^|<z<^| 

Dat P= f(z) = 3f-3zmi zs 
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Co f'(z) = 9^-3, f'(z) = 0<=> 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 


z= —]=e K 

s 


z= -]= e K 

s 


Tac * 

2 2 1 

Dovay ma xP=—j= khi z=—j=\x=y= — -j= 
yj 3 V3 v 3 


2 

'S 


Bai 28: Cho a, b, c thuoc doan [1,2]. Tim gia tri nho nhat ciia bieu thiic: 

{b + cf + lbc 


P = - 


4b + 4 c c + 4 be 


Ta co: P = 

=>P> 


Bai giai 

b 2 


4b + 4 c c + 4 be 4 ab + 4 ac c + 4 be 

(a + b) 2 (a + bf , t _ 


c + 4ab + 4c(a + b) c + (a+b)~+4c(a+b) t +4t + \ 2 

t 2 2t + 4t 2 

Dat / (0 = 2 t . Khi do / ’(0 = ,? A > 0 
r+4t+l (t +4t+i) 


P > /(1) = -. Dau bang xay ra khi a=b=-. 
6 2 


Bai 29: Cho x, y,z la cac so thyc du'ong x + y + z 2 =xy + 5. Tim gia tri Ion nhat cua bieu thiic 
2x y 4(x + y ) 


P = - 


x 2 + y 2 +18 x+y + 4z 25 z 


Bai siai 

Ap dung bat dang thiic AM-GM ta co: 

x 2 + y 2 > 2xy = 2(x + y + z 2 -5) o x 2 + y 2 + 10>2(x + y + z 2 ) 
x 2 + y 2 + 18 > 2(x + y) + 2(z 2 + 4) > 2(x + y) + 8z = 2(x + y + 4z) 
2x ^ 2x x 


Tir do suy ra — 
Khi do P< 


jc +y +18 2(jc + y + 4z) x+y + 4z 
y 4p + y) 


x+y + 4z x+y + 4z 25 z 

x + y 

x + y 4(x + y) _ z 4(x+y) i , 4 1 


x+y + 4z 25 z 


x + y , 


25 z 
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4 4 

f\t) = - T -;/'(0 = 0«- 

a + 4) 2 25 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

t> o 

. <=> t = i 

(t + 4) 2 =25 


Do do suy ra /(f) < /(1) = — = 


■ P = — 
25 


Dau dang thiic xay ra khi va chi khi 


j X+} ; = Z ; X=} ; fx=y = l 
jx+y + z 2 = xy + 5 \z = 2 


Vay gia tri Ion nhat cua bieu thiic P la 


25 ' 
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Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 


§ 5 : BAT DANG THU”C DON VE TONG A+B+C 


Bai 1: Cho cac so thuc dirong a, b, c. Tim gia tri nho nhat ciia bieu thuc: 

Pm _^_ 3 

a + yjab+yjabc yja + b + c 


Bai giai 

Ap dung bat dang thuc Co-si cho hai so, ba so ta duoc: 

2 _ 2^2 

a + yfab + y[abc la 




2 [a + b + c) 2 [a+b + c) yja+b + c 

Bat t= , 1 = > 0 thi P> f(t), voi f[t)-—-3t. 

yja+b + c 2 

Ta co f[t) = ^[t- 1) * 2 ^uc xay ra <=> t = 1=> P> ~. 


Min P= — 

2 


- = 2 b 
2 

b = Ac 
a+b+c =1 


b = — 
21 


Bai 2: Cho cac so thuc duong a, b, c thoa: 4(a 3 + Z? 3 ) + c 3 = 2[a + b + c)[ac + bc-2). 

2a 2 b + c _[a + bf +c 2 


Tim gia tri Ion nhat cua bieu thuc: P = 


3 a + b + 2a[c + 2) a+b+c+2 


Bai siai 

Ap dung BDT : x 3 + y 3 >^( jc + y) 3 ;xy < ^ j ,Vjc, y > 0 , ket hop voi gia thiet suy ra: 

^-( a+b + cf <[a + bf +c 3 <4(a 3 +b 3 ) + c 3 = 2[a + b + c)[c[a + b)-l) 

, .((a + b + c) 2 

<2[a + b + c)\ --—— -2 =>a + & + c>4 

dau “=” xay ra khi a+b=c>0 
Khi do su dung BBT AM-GM ta co: 
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2 a 2 

3 a 2 + b 2 + 2a[c+ 2) 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 


y 1 q a+b + c + 2 


(£*§) 

dau “=” xay ra khi a=b>0 


Vi (a + bf^^-(a + b + cf^P< a+ * +C 

V ' 2 v ' a + £> + c + 2 32 


/'( 0 


* _32-r(;+2) 2 


< 0, V* > 4 


(t + 2) 2 16 16(f + 2) 

=> ham so /(f) nghich bien tren [4;+oo). 

Do do P < f(t)< f (4) = -. Vay GTLN cua P bang - 
6 6 

t-a- « „ , [a = b,a+b = c 

Dau = xay ra <=> <^ <=> a = & = 1, c = 2 

\ a + b + c = 4 


Bai 3 : Cho a, b, c la ba so duong. Tim gia tri Ion nhat cua bieu thuc: 
„ 1 2 


\ja 2 +b 2 + c 2 +1 (a + l)(Z? + l)(c + l) 


Bai giai 


a 2 +b 2 +c 2 + i> ( a + b) + ^ C+ ^ =^(u+^) 2 +(c + l) 2 j > -^-(a+fr + c + l) 2 
(a+\)(b+ l)(c+l) < (^ a + 1+ ^ 1+C + 1 T = { g+fc + C+3 T 
Vay P< 


a + b + c +1 (a + £ + c + 3)~ 
2 54 


(t + 2f 
162 


= f(t ) VOi t = a + b + c +1 


, 2 162 , \t = A 

f = ~ + / (0 = 0^1 


= 1 (loai) 


(f> 1) 
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Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 



{ a+b+c =3 

a=b = c <^> a = b = c = l 
c = 1 


Bai 4: Cho cac so thuc dirong a, b, c. Tim gia tri nho nhat ciia bieu thuc sau: 
p=- 2 3 


+ yfab + yjabc yja + b + c 


Bai giai 

Ap dung bat ddng thuc Cosi ta co 

r~r , /—- — 1 a + 4 b 1 a + 4 b + 16c 4 , ■, 

a + yjab + yabc <a + — . -+ —.- = —la + b + c). 

2 2 4 3 3 v 

Dang thuc xay ra khi va chi khi a - 4b = 16c. 

3 3 

Suyra P> 


2 (a + b + c) y/a + b + c 


Dat t = a + b + c,t> 0 . Khi do ta co: P > - P 

2 1 4i 

Xethamso f(t) = — - %= voi t>0 taco = f'(t) = 0<=>-^-p—?- = 0<=>t = l 

w 2 1 St w 2t«ft 2t 2 w 2rVr 2f 2 

3 

Do do ta co min f(t) = — khi va chi khi t = 1 

t>o w 2 

Vay ta co P , dang thuc xay ra khi va chi khi J a + ^ + c ^ <^>a = — ,b = — ,c = — 

2 [a = 4£> = 16c 21 21 21 

Vay gia tri nho nhat cua P la khi va chi khi (a,b,c) = 1 • 

2 V ^ 1^21 21 21J 


Bai 5: Cho cac so thuc duong a, b, c. Tim gia tri nho nhat cua bieu thuc M = 


3a + 3b + 25c J +2 
(a+b + cf 


Bai giai 


Ap dung BDT Co - Si ta co: 2a 4 + (a 4 +1 j > 2a 4 +2d > 4a 3 hay 3a 4 +1 > 4aA 
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Tirang tu 3b 4 + 1 > => M ^ 

(a+b+c) 

Ma (a-b) 2 (a+b)> 0^>4(a 3 + ^)>(a+b) 3 

^ J-g±^-T +25 f— 

(, a+b+cf [a+b+c] {a+b+c y 

Bat r = —-— (0 < t < 1) 
a+b+c y ’ 



Xethamso /(f) = (l-f) 3 + 25f 3 (0<f<l)co: f (f) = -3^(l-f) 2 -(5f) 2 j, f'(t) = 0<=> 

Vay Min f(t)= f f-| = — khi r = - hay MinM=— a=b=1,c=-. 

W ^6j 36 6 y 36 5 


l 

6 

4 


Bai 6 : Cho a, b, c la cac so thyc throng thoa man a 2 + b 2 +c 2 =5(a + b + c)~lab 

V3 , 1 


Tim gia tri nho nhat cua bieu thuc P = a + b + c + 48 


Ja + 10 yjb + c 


Bai giai 

Ta co: a 2 + b 2 + c 2 = 5(a+b + c)~ lab <=> (a + b) 2 + c 2 = 5 (a +b + c) 

Ap dung bat dang thuc Bunhiacopxki ta co: 

(a + b) 2 + c 2 > — (a + b + c) 2 => —(a + b + c) 2 < 5 (a + b + c) => 0 < a + b + c <10 
2 2 

Ap dung bat d&ng thuc Cauchy ta lai co 

S _ 1 

y/a + 10 l a +10 ’ 

V 3 

=> ^>J1_ 

Vfl + 10 a+ 22 

3 /7 - 1 -777 - 1 ft + c + 8 + 8 ft + c + 16 

<Jb + c = -^J(b + c). 8.8 <- 


-I E+ 

" i\ : 


+ 10 If a + 10 A a+ 22 

„ -.4 < — -+ 4 =- 

3 1^ 3 4^ 3 J 12 


4 3 

1 1 


yjb + c b + c +16 


=> P > a = fr + c + 48.12 

^a + 22 Z? + c + 16j 
Ap dung bat d&ng thuc Cauchy-Schwarz ta dugc 
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1 1 4 , 2304 

-+->-=> P>a+b+c+ - 

a + 22 b + c +16 a + b + c + 38 a + b + c + 38 

2304 2304 

Dat t = a + b + c^>te (0;10] => P > f +- . Xet ham /(f) = t +-tren (0;10] 

f + 38 f + 38 

Ta co / '(f) = 1-= (? ~ 1Q) ' (?+ 0 86) => / '(f) < OVf e (0;10] 

(f + 38) 2 (f + 38) 2 

=>/(f) nghich bien tren (0;10] => /(f) > /(10),Vf e (0;10];/(10) = 58 => P > 58 
a+b + c = 10 
a + b = c [a = 2 

Dau bang xay ra khi va chi khi ia + 10 o\b = 3 
' _ — = 4 [c = 5 

b + c = 8 
(a = 2 

Vay Min P =58, dat dugc khi \ b = 3 
c = 5 


Bai 7: Cho cac so thuc khong am a, b, c thoa man a+b+c = 3. Tim gia tri Ion nhat cua bieu thuc 
P = \Ja 2 +a +4 +y/b 2 +b + 4 + \Jc 2 +c+4 


Bai giai 

Ta chung minh bat dang thuc sjx 2 +x + 4 < G [0; 3] 

Binh phuong roi bien doi tuong duong ta dugc 5x(x-3)<0 dung Vxe[0;3] 

Lan lugt cho x = a;b;c roi cong cac ve cua bat dang thuc ta dugc 
2(o + Z? + c) + 18 

P<-T- L -= b 

3 


Bai 8: Cho a, b, c la ba so duong thoa man: 5a+5Z?+5c = 3. Tim gia tri nho nhat cua bieu 

„ 1 1 1 
thuc: P = , + 7 + 7 

yjla + 3b y]lb + 3c y]lc + 3a 


Bai giai 

Taco: lj2a + 3b =^(2a + 3b)\.\ Ca T 2a + ?>b + X + X 2a + 3b + 2 


* 3 

l]2a + 3b 2a + 3b + 2 

1 


Tuong tu ta co: 


3 3 

Dau “=” xay ra khi va chi khi: 2a + 3b = 1 

3 

" Dau “=” xay ra khi va chi khi: 2b +3c = 1 


1 


\j2c + 3a 2c + 3a+ 2 


l2b + 3c 2b + 3c + 2 

Dau “=” xay ra khi va chi khi: 2c +3a = 1 
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Voi x > 0, y > 0, z > 0, ta co: 


t vfl 1 1 — 3 ,,111 

(x+y + z) - + —+ - > 3^/xyz.—j= = 9 =>—h -b — 

k* y zj Ijxyz X y z 

3 f—- 

U« + 3 


Dodo: P >3 


1 1 

'2.0. + 3 b + 2 2 b + 3 c + 2 2c + 3 ci + 2 

27 27 


2a + 3 b + 2 + 2b + 3c + 2 + 2c + 3 a + 2 5a + 5b + 5c + 6 
Vay minP = 3. Dau“=”xay ra khi vachikhi a=b = c = l/5 


Bai 9: Cho x, y, z la cac so thuc duong. Chu'ng minh bat dang thuc 

2x 2 +xy | 2 y 2 + yz | 2 z 2 + zx ^ ^ 

(y + 4zx + z 2 ) (z + 7*y+* 2 ) [x+yfyz + yj 


Bai giai 

Taco (y + y[zx + z) = (Jy-yfy + Vx.Vz + 4z.4z ) <(y + x + z)(y + z + z) 

1 > 1 2x 2 +xy 2x 2 + xy 

^(y+V^+z ) 2 ~( x+ >’ +z )(^ + 2 z )^(y+v^+z ) 2 ~( x+ y +z )(y +2z ) 


1 1 

rix2+Xy \x x\ 

1- 1 1 

r 2x 2 + 2 xy + 2 xz ^ 

|_ 2x x 

(x+y + z)l 

k y +2z J 

1 (x+y + z)l 

X ^ '"J 

1 y + 2z x + y + z 


Tuong tu, cong lai ta duoc: 

VT (l)>—^ + + ^-1 = 2f——— + —^— + ———Vl> 2 ( x+y + z ) i 

y + 2z z + 2x x+2 y ^xy + 2xz yz + 2yx zx + 2zyj 3(xy+yz + zx) 

Chung minh duoc (x + y + zf >3(xy + yz + zx) .SuyraVT (l) >2—1 = 1 
Dang thuc xay ra x = y-z 


Bai 10: Cho a,b,c la cac duong thoa man: 2(a 2 +b 2 +c 2 ) = ab+bc + ca + 3 . Tim gia tri Ion nhat cua 


S =a 2 +b 2 +c 2 — 


Bai_giai 

^ T r. , ,, , , r i , (a+b+c) _ , , (a+b+c) 

Vol a,b,c la cac duong ta co: [a +b+c)>- — —va ab+bc+ca<- —— 

. 2(a + b + cY (a+b + c) 2 . , 2 , „ 

Boivay:—^— ’—<± -- —’— + 3 <=>(a+£ + c) <9 , tu do:0<a+&+c<3 

r / , , -x (a + b+c) 2 

Taco: 2 (a~+b +c I = ab+bc+ca<ab+bc+ca<- -—+ 3 

/ 2 ,2 2 \ (a+b + c) 3 
V ’62 


3 
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Boi vay: S = a 2 +b 2 +c 2 - 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

1 (a+b+cf 1 3 1 2 1 3 

- <-1 — — f -1 

G+b+c + 3 6 £z+Z?+c + 3 2 6 t + 3 2 


Xethamso: f(t) = -t 2 —— + - voiO<t <3vaf'(t) = -t + —— T > 0, \/t e (0; 3) 
W 6 t + 3 2 J 3 ( t + 3) 2 

Bai vay: f(t)<f (3),Vf e (0;3 ]hay f (?) < y 

17 17 

Suyra: 5 <— , dau bang xayra khi a=b=c=l. Vay max S =—khi a=b=c=\ 

6 6 


Bai 11: Gia sir x, y, z la cac so thyc khong am thoa man 0 < (x + y) 2 + (y + z) 2 + (z + x) 2 ) < 18. Tim gia tri 

(x+ y + z) 4 


Ion nhat cua bieu thuc P = x 2 + y 2 + z 2 ■ 


3(x 2 + y 2 + z 2 ) 


Bai siai 

Tir gia thuyet ta co 0 < x, y, z < 3 va x + y + z > 0 

Suyra x 2 <3x,y 2 <3y,z 2 <3z.Do dox 2 + y 2 + z 2 <3 (x+y + z). 

Khid6P<3(x+y + z)- ( * +y + z) = 3(x + y + z)--(x + y + z) 3 . (1) 

9(x+ y+ z) 9 

Bat t = x + y + z, t>0. 

Xethamso /(r) = 3r--f 3 voit>0. 

9 

Ta c6f\t) = 3-h 2 ;f'(t)>0o0<t<3. 

Dira vao bang bien thien suy ra /(f) < /(3) = 6 vbi moi t > 0. (2) 

Tir (1) va (2) ta co P < 6, dau dang thuc xay ra khi x = 3, y = z = 0 hoac cac hoan vi. 
Vay gia tri Ion nhat cua P la 6, dat dupe khi x = 3, y = z = Ohoac cac hoan vi. 


Bai 12: Cho cac so thuc duong a,b,c thoa man: 4 (a 3 +b 3 )+c 3 =2(a+b + c)(ac+bc-2) 

2 a 2 b + c { a + b) + c 2 


Tim gia tri Ion nhat cua bieu thuc: P = 


3 a -\-b +2a(c + 2) tz + Z? + c + 2 


16 


Bai siai 


Ta co: a 3 +b 3 = (a + Z?)^(a + &) 2 + ^(a-b ) 2 j > ( a ^) pau “=” khi a = b 
^4(a 3 +ft 3 ) + c 3 >(a+ft) 3 +c 3 > ( a+fe+C) 


2(a + b + c)(ca + cb-2) = 2(a + & + c)[c(a + &)-2] < 2{a + b + c) 


(i a + b + cy 
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(a + b + cY 


4 

2 a 1 2 


3a 2 + b 2 + 2a{c + 2) 2a 2 + 2ac + (b 2 + a 2 } + 4a 4 a + c + (^ 2 + a 

a + C + {2a + 2 

„ ^ a b+c a+b+c (a+b) +c 2 

=>P< -+-=---- 

a+b+c+2 a+b+c+2 a+b+c+2 16 

< a + b + c (a + b + cf _ , t t 2 
~ a+b+c + 2 32 t + 2~32 

. . 2 t 32-t(t + 2) 2 

f'(t) = - T —- =-*—^<0 Vt>4 

V ' (t + 2) 2 16 I6(t + 2f 

=>/(0</W=| 

=> MinP = — khi a = £> = l;c = 2 


2?<w 73: Cho cac so thirc duong a, b, c thoa man a+b+c= 1 

, , 7 121 

Tim gia tri nho nhat ciia bieu thuc A = - 


a 2 +b 2 +c 2 14 (ab + bc + ca) 


1 -( a 2 +b 2 +c 2 ) 


Bai giai 

Ta co 1 = (a + 6 + c) —a -1- b ^ -f- c -1- 2(ab -)- be + cot) ab T be T ca = 

~ ,, , 7 121 

a+b+c 7(1 -(a+b+c )) 

Bat t = a 2 + b 2 + c 2 . Vi a, b, c > 0 va a+b+ c = 1 nen 0<a<l,0<6<l, 0<c<l 
Suyra t — a + b + c <c.a+b+e = i 

Mat khac 1 = (a+ b + c) 2 = a 2 + b 2 + c 2 + 2 (ab +bc + ca) < 3 (a 2 +b 2 + c 2 ) 

Suyra t = a 2 + b 2 +c 2 > Vay te^;lj 

Xet ham s6 /(?) = - + — 121 • f'(t) = -\+ 121 = = — 

U t 7(1-0 |_3\r W t 2 7(1-0 18 

324 jfl ^ 324 

Suy ra f(t) > ; Vt e -;ll . Vay A > —vdi moi a;6;c thoa dieu kien de bai. Hon nua, voi 

1 , 1 1 \a 2 +b 2 +c 2 =— v . 324 

a = -;b = —:c = — thi < 18 va A =- 

2 3 3 . 1 7 

a+&+c=l 
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Bai 14: Cho a, b, c la cac so thuc dirong. Tim gia tri nho nhat cua bieu thuc 

P = --—=---+--- 

4a + 2b + 4f2bc S + a + 2b + 3c 4 + b + 2c 


Bai giai 


Ta co 2V2 be <b + 2c 
Suy ra P > 


4a + 2b + 4y/2bc 4a + 4b + 4c S + a + 2b + 3c 4 + a + b + c 4 + b + 2c 

1 -1 


4(a + b + c) 4 + (a + c + b) 


Bat t = a + b + c, t> 0 


4 1 4 + t 4 1 (4 + t) 

\b = 2c 

r , 1 \a = c = 1 

Suy ra gia tri nho nhat cua P bang - — khi \a+b +c = b + 2c \ ^ 

\a+b + c = 4 ^ 


Bai 15: Cho cac so thuc duong a,b, c thoa 9a&+17&c+14ac+12c-18>0va a 2 + b 2 + c 2 = 14 . Tim gia tri 
S(l + ab)y/5 36 


nho nhat cua bieu thuc P = 


3y/9ab + llbc + 14ac + 12c -18 fa+b+c+3 


( a+b + c ) 2 


Bai giai 

a 2 +b 2 +c 2 =14^14 + 2 ab = (a + bf +c 2 > 

Talaico: ( a+b-cf + (3&-2c) 2 + (3a-c) 2 +4(c-3) 2 >0<=>5(a + & + c) 2 >9a& + 17&c + 14ac + 12c-18 

P>-(a + b + c)+ 36 

2 -\l a + b + c + 3 


Dat 


at t = a + b + c, t e ^0; \/42 J => P> f[t) = —t+ ^ = f ( t ) 


\ 2 18 

f it) = - - =0<^> t = 6 

w 3 (r+3)VtT3 

Ve bang bien thien thay MinP =f (6) =16 


Cau 16 : Cho cac so thuc duong a,b,c .Tim GTNN cua 

P = - 1 —= +- 1 --- 

3 a + 2 b + 6 yj abc l+b + 5c 14 + a + 2b + 6c 


I —l- b + 2c .. 

Ta co : 6 yfabc = 6? — b(2c) < 6— -= a + 2b + 4c =>- ; - >- 

V 2 3 3a + 2b + 6yjabc 4 (a + b + c) 
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4 4^9 4 


4 (a+b + c) 4(l + b + 5c ) 14+a + 2b + 6c 4(7 + a + 2b + 6c) H + a + 2b + 6c 

ia + 2b + 6c = 14 

> /(14) = — => P. = — \ a 

28 mn 28 }- = b = 2c 


= f(a + 2b + 6c) 
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Bai 1: Cho cac so thuc khong am a,b, c thoa a 2 +b 2 +c 2 + abc = 4. Chung minh bat dang thuc : 

P = (a 2 +b 2 + c 2 ) 2 + + b 2 c + c 2 a) < 17 

Bai giai 

Taco : a 2 +b 2 +c 2 <a 2 +b 2 +c 2 + abc = a 2 +b 2 + c 2 + yla 2 b 2 c 2 <a 2 +b 2 +c 2 + +b +C ^ 

V 27 

=> 4> a 2 +Z? 2 + c 2 >3 

Gia su : a < c < 6 => a(c - a)(c - b) < 0 <=> ac 2 + a 2 b < abc + a 2 c => a 2 b + b 2 c + c 2 a < abc + a 2 c + b 2 c 
Mat khac : 4 = a 2 + b 2 + c 2 + abc > b 2 + a 2 ) + ^(b 2 + a 2 ) + c 2 > 3^j C c ^2 + ^ 

=> P < (a 2 + b 2 + c 2 ) 2 + — ( abc + c(a 2 +b 2 ))< (a 2 +b 2 + c 2 ) 2 + —\4-(a 2 +b 2 + c 2 ) 1 + 1 
16 16 L J 

Xethamso f(t) = t 2 ~^-t + ^- + l voi t = a 2 +b 2 +c 2 ;4>t>3 =/(4) = 17 

16 4 

Bai 2: Cho a, b, c la cac so thuc khong am thoa man a+7>+c = 5.Tim gia tri Ion nhat cua bieu thuc 

S = a 4 b + b 4 c + c 4 a 

Bai giai 

Trong 3 so a, b, c co 1 so nam giua 2 so chang han la b nen ta co c(b-a)(b 3 -c 3 ) < 0 (l) 

(l) <=> b 4 c + c 4 a < c 4 b + ab 3 c <=> S = a 4 b + b 4 c + c 4 a < b[a 4 +c 4 +b 2 ac ) < b^a 4 + c 4 + (a + c) 2 acj < &(a + c) 4 
= 1.4 b(a+b)< l ^A+(a+c)+(a + c) + (a + c)+(a + c) j :i = ^ 

Dau bang xay ra o (2) <=> a = 4\b = l;c = 0 

Vay GTLN cua F(a;b;c ) = 256 dat duoc khi a = 4;Z? = l;c = 0 

\y>x 

Bai 3 : Cho x, y, z > 0 va thoa man \ ^, , , s 0 . Tim Gia tri Ion nhat cua bieu thuc: 

- [z 2 (4-y) + 4y(z-2)>y 3 

p_ zy i + xz 3 + xyz - yz 3 ( xyz 

y + 1 U^J 

Bai giai 

z 2 (4 — y) + 4y(z — 2) > y 3 =^>4z(y + z) > y(y 2 +z 2 +8) > 4y(y + z) =^> z > y 
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7 ' zy 3 xz 3 -i- xyz — yz 3 

Tu day ta co: 0<x<y<z voi dk nay ta co bo de sau: —--—-— < xyz , That vay ta co: 

y + l 

z(y-x)(y 2 -z 2 )<0o zy 3 +z 3 x-yz 3 <xy 2 zo zy 3 + z 3 x-yz 3 +xyz<(y + l)xyz 

Ap dung bo de ta co: P>xyz-[^j=^ = 8-^(xyz-16) 2 <8 

/•a fx = 4 

Dau bang xay ra khi va chi khi \ 

[y = z = 2 


Bai 4: Cho x, y, z la cac so thuc thuoc doan [0; l] . Tim gia tri ldn nhat cua bieu thuc 

P = 2(x 3 + y 3 + z 3 ) - (x 2 y + y 2 z + z 2 x) 

Bai siai 

Bat f(x ) = 2x 3 - yx 2 - z 2 x+2(y 3 +z 3 )- y 2 z .Ta co: 

f (x) = 6x 2 -2yx-z 2 ; f (x) = 0 O x = x 1 = -(y-y/y 2 +6 z 2 )\x = x 2 = -(y + sjy 1 + 6z 2 )Nhan xet: 

6 6 

Xj £ (0; l), lap bang bien thien ta thay khi x 2 e (0;l) hay x 2 (0;l) thi Max /(x) = Max {/(0); /(l)}. 

Ma /(0) = 2(y 3 + z 3 )-y 2 z<2(y 3 + z 3 )-y 2 z+(2-y-z 2 ) = /(1) 

=> f(x)<f(l) = 2y 3 -zy 2 -y+2z 3 -z 2 + 2 (1) 

Lai dat g(y) = 2y 3 -zy 2 -y+2z 3 -z 2 +2, 

8 (y) = 6y 2 —2zy —1; g'(y) = 0 <=> y = y t = \(z-y/z 2 +6);y = y 2 = \{z + *Jz 2 +6) 

6 6 

Nhan xet tuong tu suy ra Max g(y) = Max{g(0); g(l)}. 

je[0;l] 

Lai co g(0) = 2z 3 +2-z 2 <2z 3 +2-z 2 +(l-z) = g(l). Suyra 
8 ( y ) < 80) = 2z 3 + 2 - z 2 + (1 - z) = 2z 3 - z 2 - z + 3 (2) 

Cuoi cung dat h(z) = 2z 3 -z 2 -z + 3 voi ze[0;l], h\z) = 6z 2 -2z-l. 

k ( z ) = 0 <=> z, = 1 ^ ; z 2 = 1 + ^ • Lap bang bien thien suy ra: Max h(z) = h( 1) = 3 (3) 

6 6 ze[0;l] 

Vay gia tri Ion nhat cua P la 3 dat duoc khi x = y = z = 1 

Bai 4: Cho x, y, z. la cac so thuc thuoc doan [0;l] . Tim gia tri Ion nhat cua bieu thuc 

P = 2(x 3 +y + z 3 )-(x 2 y + y 2 z+z 2 x) 


Bai siai 
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Bat f{x ) = 2x } - yx 2 - z 2 x+2(y 3 + z 3 ) - y 2 z .Ta c6: 

f '(x) = 6x 2 -2yx-z 2 ;f (x) = 0ox = x l =-(y-Jy 2 +6z 2 );x = x, =-(y + Jy 2 +6z 2 )Nhan xet: 

6 "6 

x l £ (0; l), lap bang bien thien ta thay khi x 2 e (0; l) hay x 2 <£ (0; l) thi Max fix) = Max {/(0); /(l)}. 

Ma /(0) = 2(y 3 + z 3 ) - y 2 z < 2(y 3 + z 3 ) - y 2 z + (2 - y - z 2 ) = /(1) 

=> fix)<fil) = 2y 3 -zy 2 -y+2z 3 -z 2 + 2 (1) 

Lai dat giy) = 2y 3 -zy 2 -y+2z 3 -z 2 + 2, 

g(y) = 6y 2 -2zy-l; g'iy) = 0<^> y = y t = -iz-fz 2 +6);y = y 2 = -(z + Vz 2 +6) 

6 6 

Nhan xet tirang tu suy ra Max g(y) = Max{g(0);g(l)}. 

jg[0;1] 

Lai co g(0) = 2z 3 +2-z 2 <2z 3 +2-z 2 +(l-z) = g(l). Suyra 
g(y)<g(l) = 2z 3 +2-z 2 + (l-z) = 2z 3 -z 2 -z + 3 (2) 

Cuoi cung dat h(z) = 2z 3 -z 2 -z + 3 voi z e[0;l], h (z) = 6z 2 -2z-l. 

h'(z) = 0<=>z,=- ——;z 2 = 1 + ^ . Lap bang bien thien suy ra: Max hiz) = h(L) = 3 (3) 

6 " 6 ze[0;l] 

Vay gia tri Ion nhat cua P la 3 dat dirge khi x = y = z = 1 


/?ar 6: Cho cac so x, y, z thoa man 0 < x < y < z . Tim gia tri ldn nhat cua bieu thuc 

„ 2 , 2 b 2 + y 2 + z 2 ) 2 

P = xy + yz + ZX'- xyz - -—. 


Bai giai 

Vi 0 < x < y < z nen 

x(x- y)(y - z) > 0 <=> (x 2 -xy)(y - z) > 0 <=> x 2 y - x 2 z-xy 2 +xyz>0<=> x 2 y + xyz> x 2 z + xy 
xy 2 +yz 2 +zx 2 -xyz = (x 2 z+xy 2 ^) +yz 2 - xyz <(x 2 y + xyz) + yz 2 -xyz = y(x 2 +z 2 ) 

Theo bat ddng thirc Co si ta co: 

1 


y[x 2 +z 2 ) = -^^2y 2 ix 2 +z 2 )ix 2 +z 2 )<-^ 


1 If 2y +(x +z ) + (x + z)\ _ 2 |f x^+y^+z^ 


Do do P = xy 2 + yz 2 + zx - xyz - - 


-< 2 , 


Bat t = J\ - 2L —(r > 0). Ta co P</(f) = 2f 3 --^f 4 ./'(f) = 6f 2 -6f 3 = 6f 2 (l-f) =0<^f = 1. 

, 3 1 l 

Lap bang bien thien cua ham fit) suy ra duoc /(f) < /(l) = 2 - — = — => P<—. 



















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 


Ta thay P = khi x = y = z = 1. Vay gia tri Ion nhat can tim la Max P = ^ khi x = y = z = 1 • 


Bai 7: Cho a, b, c > 0 thoa man a + b + c = 3 . Tim gia tri nho nhat ciia bieu there 
1 


P = 21n(a 2 + b 2 +c 2 ) + 


a 2 b + b 2 c + c 2 a- 2 


-2 {ab + bc + ca) 


Bai giai 

3 [a 2 b + b 2 c + c 2 a^<{a + b + c)[a 2 +b 2 + c 2 ) 3a 2 b + 3b 2 c + 3c 2 a 

< a 3 + ab 2 + ac 2 + ba 2 + b 3 + be 2 + ca 2 + cb 2 + c 3 

<=> (a 3 + ab 2 -2 a 2 b} + [b 3 + be 2 -2 b 2 c} + {ac 2 + c 3 -2c 2 a) > 0 <=> a {a-b) 2 + b{b-cf +c{c-af > 0 
=^> (a 2 b+b 2 c + c 2 a) <a 2 +b 2 +c 2 dau bang khi: a =b = c 

a+b + c = 3=>a 2 +b 2 +c 2 + 2{ab + ac+bc) = 9=>-2{ab + ac+bc) = a 2 +b 2 +c 2 - 9 

P ^ 2In (a +b + c ) H —z - z - z - a +b +c —9 

V ’ a 2 +b 2 + c 2 -2 

t = a 2 +b 2 + c 2 >^{a + b + c) 2 =3 

Xet / (t) = 21nH—-— \-t-9 
W t-2 

x 2 t 1 2{t-2) 2 +t{t-2) 2 -l 

’ > (>~ 2 ) f ('- 2 ) 

=>/(*) dongbien ^>f{t)^ =/(3) = 21n3-5 
Dau bang xay ra khi: a = b = c = l 


Bai 8 : Cho cac so thuc a,b,c thoa man < 

a>b>c>~ , , 

V5 tim gia tri nho nhat cua : 

5 5c 2 

P~2(a + b + c abc)+ , , , 

a 3 b+b 3 c + c 3 a 6 

[a 2 +b 2 + c 2 =3 


Bai giai 

Taco a 3 b + b 3 c + c 3 a<a 3 b + b 3 a+c 2 ab = ab(a 2 +b 2 + c 2 ) = 3ab tir do 

5 5 c 2 , , 

P > 2(a + b+c-ab) + - = f(a,b) bay gia ta se thuc hien phep don bien: 

3 ab 6 


f(a,b)-f\J- 

2 +b 2 ' \a 2 +b 2 | 

2 12 j 

5 (a-b) 2 

c(a-b) 2 

3 ab(a 2 +b 2 ) 

2 a + & 


c(a 2 +b 2 -2ab) 


\ / 3 ab 3 (a 2 +b 2 ) 2 

2 (a-b) 2 ^ 5 (a-b) 2 (a-bf 


- chu y la: 
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~ w 2 , ,2 W 3 (a + b) 

3 ab(a +b )<-< 

2 V 

5 (a-b) 2 (a-b) 2 


(a +b _) c 2 > I ^ a 2 + b 2 =3-c 2 < ^ do do 


20 (a-b) 2 


{a-b) 2 v 


5 

20(a-b) 2 


(a-b) 2 


3 ab(a 2 +b 2 ) a+b 3(a + b)^2(a 2 +b 2 ) 2 a+b ^ +/,) J 2 f 14 ^ 

Ta <toc P > /J JZIZj . 2^ T*) +1 ^_ + 2c-c(a- + b>)~ 

= 2^2(3-c 2 ) + + c(c 2 ~ 1)~= g(c). trongdo J^<c<l 

„ N „ 2 , „ / 2 20c 5c , , , 4 20c 5c ^ 20c 5c „ 

g'(c) = 3c 2 -l-2—+ chuyrang: - < 2 ~ —= 0 

V3-c 3(3-c ) 3 3(3-c ) 3 3.(3-1) 3 


Va:3c 2 -l-2j—= 3c 2 -1— . ■£_ 

V3-c 2 ^2(3-c 2 ) 


,3c 2 -1-^ t = ^ 1 ^>,0 
5-c 2 5-c 2 


29 29 

> g'(c) < 0 ->g(c) > g(l) = — . Vay min P = — .khi :a = b = c = 1 
6 ' 6 
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§7: BAT DANG THUC Xlf LY CUM XYZ 

1_ J 


Bai 1: Cho a,b,c la do dai 3 canh cua 1 tam giac thoa man a+b+c -1 . Tim Gia tri nho nhat cua bieu 
there P = 81a ^ c + 2 +b + c + 3(2a 3 +b 3 +c 3 ) 

Bai siai 

Ta co bo de sau: (x + y-z)(y + z-x)(z+x-y) <xyz 

Chung minh s J(x+y-z.)(z +x-y) < 1.— z + z + x —Z = * tirong ty vs 2 bieu thuc con lai, ta co dpcm 

Ap dung ket hop : a+b+c = 1 Ta c6:(l-2a)(l-2b)(l-2c)< abc <+>9abc + \>2-2(a 2 +b 2 + c 2 )(*) 

Matkhactheo AM-GM taco: 3| a 3 + — + —]>a (**) 

{ 27 27 J K J 

Tu (*) va (**) ta co: ^ + _ + h + c + 3a 3 > 9abc +a + b + c = 9abc + \> 2-2^a 2 +b 2 + c 2 ) 

Theo Bunhiacopski ta lai co: 3(a 3 +b 3 + c 3 'j = 3(a+b+c)(a 3 +b 3 +c 3 ^>3(a 2 +b 2 +c 2 ^j 
Tu day ta se co: P>2-2(a 2 +b 2 +c 2 ^+3{a 2 +b 2 +c 2 ^ =^ + 3^a 2 +b 2 +c 2 >| 


Dau bang khi va chi khi a=b = c = - 


Bai 2: Cho \ ,y,Z Tim Gia tri nho nhat cua bieu thuc: 

[x + )> + z = 3 

P= — + — + — (3-y) + 2^&+Ta co 

6yz 6 xy) K 


1 x 

- 1 -i 

xz 6 yz 6 xy 


■)< 3 -' 4 ( £ 


^ (^ + y)(y + z)(z+^) _ tr | j=Yi | 

3xyz 3 ^ y){ 


Bai siai 

^ + A z+x) Aj+AHy±A {x+z) 

2 yz 2xy) y ’ 3 2^z V ’ 


1 + - >- 2 + 2 . 


tjxyz J 3 ^Jxyz 


Suyra P>\ + -^2^> 1 -^- 
3 IJxyz 3 

Dau bang xay ra khi va chi khi x = y-z -1 
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y >x , 

Bai 2: Cho x,y,z>0 va thoa man < , . , . . , . Tim Gia tri lan nhat ciia bieu thu’c: 

- \z 2 (4- y) + 4y(z-2) > y 3 

p_ zy 3 + xz 3 + xyz - yz 3 ( xyz Y 

~ y+i I4V2J 


Bai giai 

z 2 (4- y) + 4y(z-2)> y 3 =^>4 z(y + z)> y(y 2 + z 2 +8) > 4y(y + z) => z > y 


Tir day ta co: 0 < x < y < z vdi dk nay ta co bo de sau 


zy +xz + xyz-yz 
y +1 


< xyz 


That vay ta co: z(y- v)(y 2 -z 2 ) ^ 0 <=> zy 3 + z 3 x-yz 3 < xy 2 z <+> zy 3 + z 3 x-yz 3 + xyz < (y + l)xyz 
5: 

i va chi khi \ 

b 


Ap dung bo de ta co: P>xyz-^-^j=j = 8--^-(xyz-16) 2 < 8 


Dau bang xay ra khi \ 


\x = 4 
\y = z = 2 


Bai 4: Cho cac so thirc khong am x, y, z thoa man x + y + z = 3 
Tim GTNN cua bieu thuc P = x 3 + y 3 + z 3 + x 2 y 2 z 2 


Bai giai 

Gia su x = min{x, y,z}=>xe [0;l] 

Taco x 3 +y 3 +z 3 -3 xyz = (x+y + z)(x 2 +y 2 +z 2 -xy-yz-xz) 

=>x 3 +y 3 +z 3 = (x+y + z)[(x+y + z) 2 -3(xy + yz + xz)] + 3xyz = 21 -%xy + yz + xz) + 3xyz 
P = x 3 + y 3 + z 3 = 21 -9{xy + yz + xz) + 3xyz + x 2 y 2 z 2 

= (xyz -1) 2 -1 + 27 + 5xyz - 9(xy + yz + xz) >26 + 5xyz - 9(xy + yz + xz) = 26- 9(xy + xz) - yz(9 - 5x) 
DoxG[0;l]=>9-5x>0=>-yz(9-5x)>-^y^ (9-5x) = -^Zfj (9-5x) 

=> P> 26-9x(3-x)-[^J (9-5x) = ^ -&-** + * 

Xet ham so /(x) = —— ^x^ 9x + 23 x e j'Q. f( x )^ n = /(1) = 4 
Vay P^ =4 tai x = y = z = l 

Bai 5: Cho a,b,c la cac so thirc duong thoa man f a + ^ + c j < 4 a jy C Tim gia tri ldn nhat cua bieu 


2016 


yfa yfb yfc 


a + y/bc b + y/ca c + yfab 


Bai giai 
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Ap dung bat dang thuc AM-GM, ta co 

Ja Jb Jc Ja 


yfb | y[c if 1 | 1 | 1 


a + yfbc b + 4ca c + 4ab 2yfajbc 2y[bjca 2 s[cjab 2 \tfab s/bc yfca 

Ap dung bat dang thuc x 2 +y 2 +z 2 >xy + yz. + zx 
p< if 1 + 1 + 1 _ \fab + yfbc + y[ca < a + b + c 


2^^ yjb \[c 


2yfabc 


2 yjabc 


Lai co: 


a + b + c 
2016 


< 4a be a + b + c < 4032 yjabc 


4032 

> P < —— = 2016. Dau “=” xay ra khi 


z=b = c 
a + b + c 
, 2016 


<=> a=b=c=- T 

<4a be 1344 2 


Vay MaxP = 2016 khi a=b = c = — ^—r 

_ 1344 2 _ 

Bai 5: cho cac thuc duong x, y, z. sao cho xy + yz + zx = 2 tim gia tri lou nhat cua: 
p _ x 2 + y 2 + 8zx + 4yz + 2x + 4z yz(l-5xyz) + 3yjl + 5x 2 y 2 z 2 
z(x 2 + y 2 + 2x) xyz 

Bai gidi 

Ket cau bai toan kha cong kenh va de lam ta roi loan . nhung hay de y he so ‘dac biet’ : 

3yll + 5x 2 y 2 z 2 = ^(4 + 5) (1 + 5x 2 y 2 z 2 ) >2 + 5xyz cac he so co gi do goi md bai toan 

Be bai la xy+yz+zx=2 .6 P lai co x 2 + y 2 ta se thu danh gia ve 2xy xem..va dieu bat ngd se tdi: 


x 2 + y 2 + 8zx+4yz + 2x+4z _ 8zx + 4yz + 4z < 1 + 8zx + 4yz + 4z _ 1 ^ 4 + 2 
z(x 2 +y 2 + 2x) z z(x 2 + y 2 + 2x) ~ z 2zx(y + l) z y +1 x 

Ngoai ra chu y d tren thi: 3- s j\ + 5x 2 y 2 z 2 = J( 4+5) (1 + 5x 2 y 2 z 2 ) >2+ 5 xyz nen 


yz(l-5xyz) + 3y]l + 5x 2 y 2 z 2 ^ yz(l-5xyz) + 2 + 5xyz _ yz + 2 _ 2 yz + x(y + z) 
xyz xyz xyz xyz 

4 

x z y y+l 


2 1 4 

Tu do P<-+-+- 

x z y + l 


l = 1 _o^nl £1 

y 


y(y+i) 


2 l l 

xyz 


Max P=1 khi (x,y,z) = ^l;l;-^j 

Bai 6: Cho cac so thuc a, b, c thoa man: a + b + c = 0; a 2 + b 2 + c 2 = 6. Tim gia tri ldn nhat cua bieu 
thuc F = a 2 b 2 c 2 . 

Bai gidi 

Tu gt ta co: \ , He co nghiem khi a 2 > 4(a 2 -3)<=> a 2 < 4 => a 2 e [0;4] 

[bc = a-3 
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p = 1 e [0;4] 
|_t = 3 e [0;4] 


F = a 2 b 2 c 2 = a 2 (a 2 -3) 2 = t 3 -6t 2 +9t, t = a 2 e[ 0;4]; F t =3t 2 -12f + 9; F t = 0^> 

F(0) = F(3) = 0; F(l) = F( 4) = 4 

Suy ra max F = 4 khi ( a;b;c ) = (2;-l;-l) hoac cac hoan vi hoac ( a;b;c ) = (-2;l;l) hoac cac hoan vi. 


Bai 7: Cho cac so x, y, z thoa man 0 < x < y < z. Tim gia tri Ion nhat cua bieu there 

„ 2 2 2 ( x 2 +y 2 +z 2 f 

P = xy +yz + zx - xyz -. 


Bai giai 

Vi 0 < x < y < z nen 

x(x- y)(y-z) >0 <^> (x 2 -xy)(y- z) > 0<^> x 2 y-x 2 z-xy 2 +xyz > 0 x 2 y+xyz > x 2 z+xy 2 
xy 2 +yz 2 +zx 2 -xyz = (x 2 z+xy 2 ) +yz 2 - xyz <(x 2 y + xyz) + yz 2 -xyz = y(x 2 +z 2 ) 

Theo bat ddng thu'c Co si ta co: 

1 


y(x 2 +z 2 ) = -j^yl 2 y 2 (x 2 + z 2 )(x 2 +z 2 )<-^ 


J2 


1 f 2y +(x +z ) + (x +z ) | x 2 +y 2 +z 


2 2 2 lx +y +z‘ . 

Do do P = xy 2 + yz“ + zx 2 -xyz- -- — < 2, 



3 

J t 

3 

, If * 2 + y 2 

+ z 2 Y 

3 f x 2 + y 2 + z 2 Y 


i 3 

J 

3 J 



Dat f=J | X +y 3 +Z j (t > 0). Ta co P < fit) = 2t 3 -|t 4 ; f'(t) = 6t 2 -6t 3 =6t 2 (l-t) = 0ot = l. 

, 3 1 l 

Lap bang bien thien cua ham f(t ) suy ra dupe f(t)<f(l) = 2-— = — => P<—. 

Ta thay P = Y khi x = y = z = 1. Vay gia tri Ion nhat can tim la Max P = Y khi x = y = z = 1. 


Bai 8: Cho cac so thirc duong x,y,z. Tim gia tri nho nhat cua bieu thuc 


P = 


lx+y + 4^fxy + 18.^/xyz 2 


H—(x+ y + z) +2. 


Bai siai 

Taco: 4 Jxy = 2^x.4y < x+4y ; 18^/xyz = 3^/x.4y.9z <x + 4y+9z 

Dau “=” xay ra khi x = 4y = 9z 

Suyra P> --- + -(x + y + zf +2 

x+y + z 2 

Dat t = x + y + z,(t>0), xetham so f(t) = ^t 2 + - + 2 (t>0) 
Lap bang bien thien tim dupe min / (?) = Y <=> t - 1 
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... . D 7 36 9 4 

Vay min P = — <=> x = — ;y = — ; z = — 

_ 2 49 49 49 _ 

Bai 9: Cho cac so duong x, y, z thoa man xy + yz + zx = 3. Chung minh rang 

-L+_ 4 _>2 

xyz (x+y)(y + z)(z + x) 2 

Bai giai 
1 1 4 

Ap dung bdt Cosi cho 3 so duong-,--—-—-- ta duoc: 

F ’ 5 5 2xyz 2xyz (x+y)(y + z)(z + x) 

_4__4_ > _3_ 

xyz (x+y)(y + z)(z + x) 2xyz 2 xyz (x+y)(y + z)(z + x) <Jx 2 y 2 z 2 (x+ y)(y + z)(z + x) 

Ta co: x 2 y 2 z 2 (x+y)(y + z)(z + x) = xyz(zx + yz)(xy + zx)(yz + xy) 

Ap dung bdt Cosi cho 3 so duong xy, yz, zx: xy.yz.zx < ^ Ty +V + zx j = l => x 2 y 2 z 2 < 1 => xyz < 1 (l) 

Ap dung bdt Cosi cho 3 s6 duong zx + yz, xy + zx, yz + xy: 

(zx + yz)(w + z*)(yz + xy + + + ( 2 ) 

Tir (1) va (2) suy ra: x 2 y 2 z 2 (x + y)(y + z)(z+x)<8 

... 1 4 3 3 

Vay: — + - -—-—- ->—i= = - 

xyz (x+y)(y + z)(z + x) 8 2 

Bai 10: Cho x ; y ; z la cac so thuc duong thay doi sao cho x + y + z = 2. Tim gfa tri nho nhat ciia bieu 
thuc: F = x 2 + y 2 + z 2 + 2xyz . 

Bai siai 

Khong mat tmh tong quat, gia su z la so nho nhat. Luc do 0<z< 1 (viz >1 thix + y + z>2). 
TacoF= (x + y) 2 + z 2 + 2xy(z -1) = (2 - z) 2 + z 2 - 2xy(l - z) 

Matkhac = [~2^) n ^ n ^ 

Tir do F>^(z 3 -z 2 +4) (1). Xet/(z) = ^(z 3 -z 2 +4) vdi 0 < z <1 . 
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Bai 11: Cho cac so there duong x, y,z thoa man x +y +z =3. Tim gia tri Ion nhat cua bieu there 

x 3 + ;y 3 + z 3 i 3 


P = (x + y+z ) -- 


9xyz 


xy + yz + zx 


Bai giai 

Ta co (x + y + z) 2 = x + y 2 + z + 2 (xy + yz + zx) => (x + y + z) 2 = 3 + 2 (xy + yz + zx) 

Lai co x 3 + y 3 + z 3 = (x + y + z)[x 2 + y 2 + z 2 -(xy + yz + zx )] + 3 xyz 

= (x + y + z)[3 - (xy + yz + zx)] + 3xyz nen X +y +Z =- + -[ — + — + — |[3 — ( jry + yz + gc)l 

9xyz 3 9^yz zx xy J 


{ xy + yz + zx > 3 %Jx 2 .y 2 .z‘ 

l 

xy yz 

x 3 + y 3 + z 3 1 f 1 

Suy ra- r -> - + - 

9xyz 3 yxy+yz + zx 

Ter do ta co: 

P <3 + 2 (xy + yz + zx) - - - --- 

3 yxy + yz + zx 


yz zx y x .y .z 
[3 - (xy + yz + zx)] 


xy yz xz xy + yz + zx 


3 11 

[3 - (xy + yz + zx)] + -= — + 2(xy + yz + zx) 

xy + yz + zx 3 


Do 0<xy + yz + zx< 


x + y + y + z~ + z +x‘ 


„ „ „ 11 , 29 

= 3 nen P < — + 6 = — 
3 3 


{ x 2 + y 2 + z 2 =3 
xy = yz = xz 
xy + yz + zx = 3 


<^>x = y = z = 1 


Bai 12: Cho x,y,z>0,x 2 + y 2 + z 2 =xy + xz + lOyz . Tim gia tri nho nhat cua P = 8 xyz — * 

_ y +z 

Bai siai 

Cach 1 

S(x 2 + y~ + z 2 ) = 8xy + 8 xz + 80yz < x 2 + 16y 2 + x 2 + 16z 2 + 40y 2 + 40z 2 => x 2 < 8y“ + 8 z 2 
12 yz = x 2 +(y + z) 2 -x(y + z) 

I2yz = ^x 2 -x(y + z) + (y + z) 2 +^x 2 =^-y-z^ +^x 2 >^x 2 ^x 2 <16yz 
x 3 

^P>—~ 24x = f(x) =>f'(x) = 0 ox 2 = 16 

M in f(x) = f (4) = -64 
Khi x = 4 , y = z = 1 
Cach 2 
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x 2 + y 2 + z 2 = xy + xz + 10yz=>(y + z) 2 +x 2 = xy + xz + 16yz 
= x(y + z) + l6yz<x(y + z) + 3(y + z) 2 ^x 2 -x(y + z)-2(y + z) 2 <0 

=> ——— e [-1,2], x, y, z > 0 

y + z 

=> x < 2(y + z) < 2<j2(y 2 + z 2 ) => x 2 < 8(y 2 + z 2 ) => y 2 + z 2 > y 

12 yz = x 2 -x(y + z) + (y + z) 2 => x2<16yz 
x 3 

=> P > — - 24x = /(x) => / '(x) = 0o x 2 =16 

Min/(x) = /(4) = -64 _ 

Pm 73 ; Cho x, y, z la ba so thirc dirong thoa man: x 2 + y 2 + z 2 < -. Tim gia tri nho nhat cua bieu there: 

4 

O Q 111 

P = 8xyz H-H-H-. 

xy yz zx 

Bai siai 

Ta co — + — + — > 3 J 1 -, dat t = -^/xryz > 0. Ma ^x 2 y 2 z 2 < —-^—— ^ — =>0<r< — 

xyyzzx\xyz' 3 4 2 

3 3 

=> P > 8t 3 + p-. Xet ham s6 /(f) = 8t 3 + 

Ta co Vf * 0,/(t) = 24r 2 , fit) = 0oi = £. 

Tir bang ta co/(f) >13 voi moi gia tri f thoa man 0 < t < — 

Suy ra P > 13. Dau bang xay ra khi t = ^ hay x = y = z = ^ Kl: Mi nP = 13. 
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Bai 1: Cho a, b, c la cac so thyc dirong thoa man dieu kien a 3 + b 3 +c 3 = 3. Chung minh rang: 

a 3 2b 3 3c 3 „ 3 


b-2b + 3 c 3 +a-2a-3c + l a 4 + b 4 +a 2 -2b 2 -6a + ll 2 


Bai siai 

c 3 +c 3 +l 1 3c 2 -1 4 2 a 3 lb 3 3c 3 

- -—-; a +1 > 2 a =^> —s-1—r--1— ------ 

2 2 2 b 2 -2b + 3 c 3 + a 2 -2a-3c+ 1 a 4 +b 4 +a 2 -2b 1 -6a + ll 


2 b 3 


(a -1) 2 + ^ (c -1) 2 + 4 3(a-l) 2 + (^ 2 -l) 2 + 6 


,a 3 +b 3 +c 3 _ 3 
2 ~ 2 


Bai 2: Cho ba so thyc dirong a, b, c thoa man dieu kien 


Tim GTNN cua bieu thuc: M = 


ia + b + c = 1 
\a>b>c 

Vl + c 2 


(a + b)(a 2 + b ) a 2 +ab + b 2 8 


Bai siai 

5 3 

->-a —b vadau “=” xay rakhi a = b 


' (a+b)(a 2 +b 2 ) 8 8 

CM: 8a 4 > (5 a - 3b)(a + b)(a 2 +b 2 )^3a 4 + 3b 4 > 2ab 2 + 2 a 3 b + 2 ab 3 => dung 
b 3 2 1 

Ta co: —-- > — b — a va dau “=” xay ra khi a = b 

a 2 +ab + b 2 3 3 


CM: 3 b 3 > (2b - a)(a 2 + ab+b 2 )ob 3 + a 3 >a 2 b + ab 2 dung \/a,b> 0 

M >— a + — b + - 
24 24 8 


,,. 5 3, 21 7 n -v ,..7 7,7 r -y 

M >—a—b + —b — a + -.^l + c~ <=> Af >—a + —b + -yjl + c 
8 8 3 3 8 24 24 8 


Do a + b + c = 1 <=> a + b = 1 - c => M > 

81 

1 c i - t ,. if \a>b'>c> 0 

Dat /(c) =-+ yl + c voiO<c<- \do\ = 

3 3 3 1 a + b + cml 


‘(vi c < — => 3c < 1 va yjl + c 2 > 1 


Suy ra ham so f(c) lien tuc va nghich bien tren I 0; - 


>f(c)>f 


-T _ T + Jl + T- “ 


VTo 

i-= 

3 


M> 1 -\ ~ 


f) 
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KL: GTNNcuaMla: ] khi c = - = a = b 

8 ^9 3 ) 3 


Bed 3: Cho 3 so thyc duong a, b, c thoa man a 2 + b 2 + c 2 = 3 

TimGTNN cuabieu thuc :S =S(a + b + c) + 5\ —j 

^a b cj 


Bai giai 

Nhan xet: 8 a + — > ^ a (1) voi moi 0 < a < >/3 dau bang khi a = 1, that vay 

a 2 

8 a + — > 3a +23 <» 3a 3 - 16a 2 + 23a -10 < 0 <=> (a -l) 2 (3a -10) < 0luon dung 
a 2 

vai 0<a<V3 dau bang khi a=l 

rp „ e , 5 3b 2 + 23 

Tutmg tu Sb + -> —-— 


(2) dau bang khi b = 1 


8c + — > 3c +23 (3) dau bdng khi c = 1 
c 2 

Tu (1),(2),(3) suy ra S = 8(a + b + c) + 5 {- + - + > 3(a +b +C ) + 69 = 39 

\a b c) 2 

Dau bang xay ra khi a = b = c = 1 

Vay GTNN cua S = 39 dat dugc khi va chi khi a = b = c = 1 
Chu y: de tim ra ve phai cua (1) ta su dung phuong phap tiep tuyen. 


Bai 4: Voi a, b, c la cac so thuc duong, nho hon - va thoa man a + b + c = 3, chung minh rang: 


a (3b + 3c-5) b 2 (3c + 3a-5) c 2 (3a + 3b-5 ) 


Bai giai 


Bat dang thuc da cho tuong duong voi 


1 


1 


1 


a'(3(3-a)-5) b 2 (3(3-b)-5) c 2 (3(3-c)-5) 


Bat dang thuc da cho dugc chung minh khi ta co: 


1 


a 2 (4-3a) 


That vay, do a < — nen bat dang thuc tren tuong duong voi 1 > a 3 (4 - 3a) <» 3a 4 +1 > 4a 3 


Tu a > 0 nen theo bat ddng thuc AM-GM ta nhan dugc 3a 4 +1 = a 4 + a 4 + a 4 +1 > 4 yja 4 .a 4 .a 4 = 4a 3 
Dau bang xay ra O a = 1 

Dau bang cua bat dang thuc xay raOa = b = c= l. 
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yJa+b + C + yfa ^ y/a+b + C + y/b ^ y/a+b + C + yfc ^ 9 + 3^3 

2 y/a + b + c 


b+c 


a+b 


Bai giai 

a + b + c + y/aia +b + c) a+b + c + ^Jb(a + b + c) a + b + c + ^Jc(a +b + c ) 9 + 3^ 

b+c c+a a+b 2 


1 + J a 1 + J 

\ a+b + c _V, 


a + b + c 


V a + b + c 


9 + 3yf3 


a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c 

Bat x =- --;y = - - -,z = --- , ta c 6 x,y,z >0vax + y + z = 1 

a+b+c a+b+c a+b+c 


Khi do dpcm <=> 


l + yfx l + y[y l+y[z ^ 9 + 3y/3 l + yfc 1 +y[y 1 + V^ 9 + 3^3 


y+z z+x x+y 


2 l-x l-y 1 -z 

11 9 


Tacm: —+ —!— + —!— >-(l) taco=> ——r-+-^- 

1 a l-y l — z 2 l-x l-y l-z (1 - x) + (1 - y) + (1 - z) 2 

Tir do suy ra (1) dung, dau dang thuc xay ra khi x = y = z = ^ 

Tacm: ^± + ^- + ^->^1(2) 
l-x l-y l-z 2 

That vay, xet ham so f(x) = y[x(l-x) voi 0 < x < ITa co f'(x ) = -—~ = 0 <=> x = - 

2y[x 3 

2 ' 1 
Suy ra 0 < f(x) < —=. Dau “=” xay ra <=> x = - 
3yf3 3 


Vay ta co: —= 


__i 

l-x (1 — x)yfx 2 2 ■ l-y 2 l-z 2 


c Vx Jy yfz . 3y/3 3yf3 

Suy ra —— + —— +-> —— (x + y + z) = - L - 

l-x l-y l-z 2 2 

Tir do suy ra (2) dung, dau dang thuc xay rakhx = y = z= ^ 

Tir do suy ra dpcm dau dang thuc xay ra khi a = b = c. 


Bai 6: Cho cac so thuc duong a, b, c thoa man : 9(a 4 + b 4 + c 4 ) - 25 (a 2 + b 2 + c 2 ) + 48 = 0 

b 2 c 2 


Tim gia tri nho nhat cua bieu thuc: P = 


b + 2c c + 2a a + 2b 


Bai giai 

gt <=> 25 (a 2 + b 2 + c 2 ) + 48 = 9(a 4 + b 4 + c 4 ) ket hap voi dang thuc 
a 4 +b 4 +c 4 > a 2 +b 2 +c 2 ), tir do suy ra: 
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25 (a 2 +b 2 + c 2 ) + 48 > 3(a 2 +b 2 +c 2 ) 2 <^3<a 2 +b 2 +c 2 <y 

Ta co 14x + 2> 25x 2 - 9x 4 (*), Vx > 0," =" <=> x = 1 that vay 

(*) <=> 9x 4 - 25x 2 + 14x + 2 > 0 <=> (x - 1) 2 ( 9x 2 + 18x + 2) > 0 luon dung. Vay 

f 14a + 2 > 25 a 2 - 9a 4 

146 + 2 > 25b 2 -9b 4 =^> 14(a + 6 + c) + 6 > 25(a 2 + 6 2 + c 2 )-9 [a 4 + 6 4 + c 4 ) = 48 
[^14c + 2 > 25c 2 - 9c 4 

=>a + 6 + c>3, dau bang <^>a=6 = c = 1 
Ap dung bat dang thuc Cauchy-Schawrz ta duoc: 

„ a 2 b 2 c 2 ^ (a+b + c) 2 a+b+c^. 

b + 2c c + 2a a + 2b 3 (a + b + c ) 3 

Daubang oa = b = c = 1. Vay gia tri nho nhat cuaPbang 1 <=> a = 6 = c = 1 


Bai 7: Cho 3 so duong a,b,c thoa man a + b + c = 3 .Tim GTLN cua p = 


lib -a 3 11c 3 -b 3 11a 3 -c 3 


ab + 4b bc + 4c ca + 4a 


Bai giai 

Ta se chung minh bat dang thuc sau : ^ <3b-a 


That vay: 


ab + 4b 2 


ab + 4 b" 

<36-aOa 3 +6 3 >ab(a + b ) =>^— ~<3b-a 


lib 3 -a 3 11c 3 -b 3 11a 3 -c 3 

-- T ^ - T ^ -V 

ab + 4 b bc + 4c ca + 4a" 


ab + 4b 

<3b-a + 3c-b + 3a-c = 2 (a + b + c) = 6 


Bai 8: Cho ba so thuc duong a,b,c va thoa man dieu kien a 2 +b 2 + c 2 = 3 .Tim gia tri nho nhat cua 

b 3 b 3 +c 3 c 3 + a 3 


bieu thuc S = - 


a + 2b b + 2c c + 2a 


Bai giai 

Trudc tienta chung minh BBT : * +1 > — x 2 + — (x > 0) (*) 
x + 2 18 18 

(*) <^> 18(x 3 +1) > (x + 2)^7x 2 + 5) <=> (x — l) 2 (llx + 8) > 0 dung voi moi x>0, dau “=” say ra khi x=l 


Ap dung (*) cho x lan luot la —= 
b c a 


a 3 +b 3 ^ la 2 
a + 2b ~ 18 


56 2 _ b 3 +c 3 . 
h T8"’ 6 + 2c : 


lb 2 5c 2 c 3 +a 3 


18 18 c + 2a 


5 a 2 _ 


Tit cac dang thuc tren suy ra S > 


12(a 2 


Vay MinS =2 khi a=b=c= 1 

Bai 9 : Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh rdng: 
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a b c a+b+c l a+b b+c c + a 


Bai giai 

Khong giam tmh tong quat, gia sir a + b + c -1 
Vi a, b, c la ba canh cua mot tam giac nen a,b,c e I 0; 


Bat dang thuc can chung minh tuong duong voi 

’i^-9 + [i=i-iHi=;-9 0/ w +/ w +/ W s9 

XT r. r/ \ 4 1 5x — 1 ( 1 

Voi f(x) = -=--,*g 0;- 

w 1—x X x-x 2 { 2 

Ta danh gia ——\ < 18x-3 <^> (3 jc- 1) 2 (2x-l) < 0,Vx efo;-^ 


>f(a) + f(b) + f(c)<lS(a + b + c)-9 = 9 


Bai 10: Cho ba so thuc duong a,b, c thoa man a 2 + b 2 + c 2 = 4. Tim gia tri nho nhat cua bieu thuc 

V3 a Sb Sc 

b 2 +c 2+ c 2 +a 2+ a 2 +b 2 ' 


, a \a +b +c =4 


Bai giai 

Tu gia thiet \ “ " => a,Z?,c e (0;2) va a 2 +b 2 + c 2 = 4<+>b 2 + c 2 =4-a 2 ... 

\a,b,c> 0 V ' 

,, „ Sa Sb Sc Sa Sb Sc Sa 2 Sb 2 Sc 2 

Do do P = — 7 + 7 + —-7 =- 7 +- T + - J = -7 +-7 +-7 

b"+c~ c+a a +b~ 4 -a 4-b 4-c 4a-a 4b -b 4c-c 

Xet ham s6 f{x) = 4x-x 3 voi xe(0;2). Co f'(x) = 4-3x 2 => f'(x) = 0<^x = =^-,f(0) = 0,f(2) = 0. 

Ta co bang bien thien cua ham so / (x) tren (0;2) la 

/ j = 4^-j = . Tu bang bien thien ta co 0< /( x) < , Vx e (0;2). 

Tuc 0<4x-x 3 < ^^-=> —-—- > —=>, Vx e (0;2) .Dau “=” khi x = ^-. 

9 4x-x 3 16S 4x—x 3 16 S 3 

x , t . Sa 2 9Sa 2 9a 2 Sb 2 9Sb 2 9b 2 Sc 2 9 Sc 2 9c 2 , , , n 

’ 4a—a 3 \6S 16 4 b-b 3 16^3 16 4c-c 3 16^3 16 v ’ 

, , , 9 a 2 9b 2 9c 2 9 ( ,v 9 

Cong theo ve 3 bat dang thuc tren ta duoc P> -+ — + — = — (a +b +c ) = -. 

’ 5 6 16 16 16 16 v ’ 4 
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Vadau “=” xay ra <=> a = & = c = ——. 

9 2 J 3 

Vay min P = — dat dugc, khi va chi khi a = b = c = —— . 
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2V3 


Bed 11: Cho a, b, c la do dai ba canh cua mot tam giac. Tim gia tri Ion nhat cua bieu thuc 
3a - b 3b-c 3 c-a' 


P = (a + b + c) 


a +ab b + be c + ca 


Bai giai 

Gia su a+b+c -k> 0, dat a = kx,b = ky,c = kz^> x,y,z> 0 va x+ y + z = l. 

Khi do p.k\ y 3 r y) + y 3 r z) + f z 2 ~ x) 

Ik (x + xy) k (y + yz) k (z +zx)\ x + xy y +yz z +zx 
_ 4x-(x+y) | 4y-(y + z) | 4 z-(z + x) _ 4 1 | 4 1 | 4 1 

x(x+y) y(y + z) z(z + x) x+y x y + z y z + x z 

4 14 14 1 5x-l 5y-l 5z-l 

=-+-+-=-- + ——y + -- . 

1-z x 1-x y 1-y Z x-x y-y z-z 

Do a, b, c la ba canh cua mot tam giac nen b+c>a=>y + z> x => 1 - x > x 


1 , 

> x < — 

2 


, tuc la xe^0;^j . Tuong tu ta cung co y,z e 

Ta se chung minh ^ \ < 1 St - 3 (*) dung voi moi t e ^0; ^ j . 

^ 5t — l 1D 18t 3 -21/ 2 + 8r-l _ (2t-l)(3t-l) 2 _ 

That vay: (*)<=>-^--18t + 3<0 <=>-;-<0<=>----— <0(**) 

t-t t-t 

(**) hien nhien dung voi moi t e f 0;- J. Do do (*) dung voi moi t e ( 0; - 


Ap dung (*) ta dugc P<18x-3 + 18y-3 + 18z-3 = 18(x+y + z)-9 = 9 
Dau “=” xay ra khi x = y = z = ^ <=> a=b = c. 

Vay P dat gia tri Ion nhat bang 9 khi a =b = c. 


Bai 12: Cho cac so thuc duong a, b, c thoa man: a 2 +b 2 +c 2 = 3 . Tim gia tri nho nhat cua bieu 

thuc\ P = 3(a+b+c) + 2\ - + - + -) 

V ’ U b c) 


Bai siai 


Ta chung minh 3 a + -> — + - 
a 2 2 


Voi 0< a < y/3 => a 3 -6a 2 +9a-4 < 0 <=> (a-l) 2 (a-4) < 0 (dung) 

2 h 2 9 2 r 2 9 

Tuong tu 3 b + -> — + -;3c + -> — + - 
b 2 2 c 2 2 
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Vay 3(a+Z? + c) + 2^—+ ^- + -j>-^(a 2 + b 2 +c 2> j+^- = 15 


Dau " = " xay ra khi a = b = c = 1 . 


Bai 13 : Cho ba so thyc duong a,b,c va thoa man dieu kien a 2 

b 3 b 3 + c 3 c 3 + a 3 


+ b 2 + c 2 = 3. Tim gia tri nho nhat cua 


bieu thuc: S = - 


a + 2b b + 2c c + 2a 


Bai siai 

Tnrac tien ta phai chung minb BDT X — > —x 1 + —(x > 0)(*) 
x + 2 18 18 

(*) <=> 18(x 3 +1) > (x + 2)(7x 2 + 5) <=> (x - 1) 2 (ILc + 8) > 0 
Ap dung (*) cho x lan luot la 

b c a 

a 3 +b 3 > la 2 5b 2 b 3 +c 3 > lb 2 5c 2 c 3 + a 3 > 7c 2 5 a 2 
a + 2b ~ IS ~18” ’ b + 2c ~ 18" U’c + 2a “ Is 18" 

Tir cac dang thuc tren suy ra S > ^ +c ^ = 2 

Vay MinS = 2 khi a = b - c = 1 


Bai 14: Voi a, b, c la cac so thuc duong, nho hon va thoa man a+b+c=3, chung minh rang 
1 | 1 | 1 
a 2 (3b+3c-5) + b 2 (3c+3a-5) + c 2 (3a + 3b-5)~ 


Bat dang thuc da cho tuong duong voi 


Bai siai 

1 1 


Bat dang thuc da cho duoc chung minh khi ta co 


a 2 (3(3-a)-5) Z? 2 (3(3-^)-5) c(3(3-c)-5) _ 
1 


a 2 (4-3a) 


That vay, do a < - nen bat dang thuc tren tuong duong voi 1 > a 3 (4 - 3a) <=> 3a 4 +1 > 4a 3 


Tir a > 0 nen theo bat dang thuc AM-GM ta nhan duoc 3« 4 +1 = a 4 + a + a +\> 4{/a 4 xa 4 xa 4 = 4a 3 
Dau bang xay ra <» a = 1 

Dau bang cua bat dang thuc xay ra <=>a=b = c = \ 
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§8: BAT DANG THltC Sit DUNG DAT AN PHU 


Bai 1: Cho cac so thuc duong a, b, c thoa man — + - - - 


a b c a+b-c 


- . Tim GTNN ciia 


P=(a’ +b ’ + c>){T + i + ±) 


Tir gia thiet ta co 


Bai giai 


t i \f 1 1 O „ . „ a b (a + b c 

V \a b c) b a { 

a b _ [l 1 7 „ ^ _ a Z> „ 

o- + ~- 2 - + — + 2- l>0ot = — + — >7 

b a V a b b a 


+ - + - |<3 + - + - 
a b 




Ka+b) iH 


Bieu thuc 

p=3+ °2±hl + ml + l ] 44 , 3 + 2 . 

c 5 U b J b 5 a 5 

Bat t=-+-> 1 thitaco ^ + K = t 5 -3t 3 +5t > 15127W > 7 => P > 15376 
b a b 5 a 5 


, I, 5 1 5\ f 1 n a 5 b 5 _ _ L a 5 b 5 a 5 b 5 

\ U b 5 J b 5 a 5 V b 5 c 5 b 5 a 5 


Dau “=” xay ra khi a = ^-^-b = c. 


b±3y/5 


Bai 2 : Cho cac so thuc duong a,b,c thoa man a 2 + b + c= 3 . Tim GTLN cua bieu thuc : 
„ ab be a 3 b 3 +b 3 c 3 


c 4-3 a 2 +3 


Ta co - 


Bai siai 

be 


c + 3 ci + 3 (c" + #) + (c +Z?) (a -\-b ) + (# + c ) 

aZ? , Z?c < \ ^ a 2 _ b 2 _ b 2 


2y](c 2 + a 2 )(c 2 +b 2 ) 2y/ia 2 +b 2 )(a 2 +c 2 ) 4 c 2 +a 2 c 2 +Z? 2 a 2 +Z> 2 a 2 +c : 

1 Z? 2 Zr . b 2 b 2 . , b b s 1 l.b b. 

- — (1 + ——TJ + — — Tj) - — (I + t:— t- ——) - — (1 + —+ —) - — + - (— + —) 

4 c + b a +b 4 2bc 2ab 4 2c 2a 4 8 c a 


Lai co (jc 3 + y 3 )(x + y) > (x 2 + y 2 ) 2 > 


(x + yY 


> (x + yf 


a b + b e (ab + be) 


4c 


tf=l( b - + b ) ^ P < 1 - + l( b + b )-±( b + b 

a 4^c a) 4 8^c a) 96^c a 
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Xethamsd f(t) = - + -~— voi t >0=> fit) = /(2) = — 
J 4 8 96 i2 

Vay P = — <=>a = b = c = 1 
12 


Bai 3: Gia sir x, y, z la cac so thyc duong thoa man x 2 + y 2 + z 2 = 1. Tim gia tri Ion nhat cua bieu thuc 


P = - 


1 + z 2 1 + x 


x 3 y 3 + y 3 z 
24 x 3 z 3 


Bai giai 

Ap dung bat dang thuc Cosi ta co 

xy { yz _ _ | _yz_ 

l + z 2 l+x 2 (z 2 +x 2 ) + (z 2 + y 2 ) (x 2 + y 2 ) + (x 2 + z 2 ) 


A 

2 + y 2 )(x 2 +z 2 ) 4 V 


y y z 

— i + ~r — 2 + ~i —j 

z* +/ z +y x +y x +z 


1+ - + - 


?-+J- =I[i + x + xLI + I[z + z 

2yz 2 xyj 4^ 2z 2 xj 4 8U x. 


Tiep tuc ap dung bat dang thuc Co si, ta co x 3 y 3 + y 3 z 3 >-(xy+ yz) nen 


x 3 y 3 + y 3 z 3 ^ (xy + yz) 3 _ if y 


Suyra P<- + -f—+ —f—+ — 
4 8U xj 96{x x . 


Bat t = — + — , khi do r>0 va P< — —t 3 + -t + - .Xet ham so f(t) = — -t 3 + -t + - voi t>0 
xx 96 8 4 w 96 8 4 

Taco f'(t) = —^t 2 + ^;f'(t) = 0ot = 2, vi f>0 

Dua vao bang bien thien ta co P < —, dau dang thuc xay ra khi va chi khi t = 2 hay x = y = z = -U. Vay gia 

12 -y/3 

tri Ion nhat cua P la —, dat dugc khi x = y = z = A= 

12 y 3 


Bai 4: Gia su x, y, z la cac so thuc duong thoa man x + z < 2y va x 2 + y 2 + z 2 = 1. Tim gia tri Ion nhat 

cua bieu thuc P= xy . + yz 0 -y 3 fA-+A~T 
1 + z 2 l + x 2 U Z 3 J 


Bai siai 

Tu gia thuyet ta co 4xz. < y. 

, i v , „ ( a+b ) 2 „ a 2 b 2 ... 

Chu y rang, voi moi x, y > 0 va moi a, b ta co-< — + —. (1) 

x+y x y 

That vay, (1) tuong duong voi ( ay-bx ) 2 > 0. 

. (x+y) 2 , (y+zf 


Khid6P=^L + ^ T -/fy + y 

1+Z l + x ^X z . 


4(1+ z 2 ) 4(1+ x 2 ) 
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4 (x‘ + z +y +z“) 4 (x +y +x‘ 
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_yfi+i] 

vx 2 + f) y U 3 Z 3 J 


f— 


l + i 


1 v 3 f 1 + 1 1 

U- 

+11 

4-z 2 y 2 + z 2 ) 

' yj ■ r 

4 

+ y 2 X 2 + Z 2 J 

SiLL) 

1 y b? + ?J 


4 4{y 2 + z 2 x 2 +y 2 
, y 


2-+L | -2>— 

Z X 




+ 

+ 

+ 

\Z x) 

4lz xj 

S 

00 


Bat ? = - + -, t>2j— =2. Khi do P <--t 3 + -t 2 + -. 
z x \ xz 4 8 4 


a + ifz + zWz 

4 8^z x) yz 

<u i -(z + y]-{z + i\ + i{ l+y A- 

4 8U x) U x) U xjxz 

Xethamso f(t) = --t 3 +-t 2 + -vai t> 2. Taco /'(t) = --f 2 +-t <0 vbi moi t> 2. 

4 8 4 4 8 

Suy ra max /(t) = /(2) = . 

3 1 

Suy ra P< — , dau dang thuc xay ra khi x = y = z = —j=. 

2 -v/3 

, 3 1 

Vay gia tri Ion nhat cua P la - - dat dugc khi x = y = z = -j=. 

r \ i \\ , 

Bai 5 : cho cac so thuc duong a,b,c sao cho (a+b + c )I — + - + - =10 .Tim gia tri Ion nhat cua 


ab + bc + ca a 3 +b 3 + c 3 


(Trick tie thay Tran Qudc Luat) 


Lai siai: 

Chu y tir gia thiet ta co: 

(a + b + c)(ab + bc + ca) = 10 abc => ab(a + b) + bc(b + c) + ca(c + a) = labc = 
Khong mat tinh tong quat gia su a>b>c ta co : 


l(a + b + c)(ab + bc + ca) 
10 


10 = (a + b + c)\ — + - + -]> (a+ & + c)( — M . 

ya b c) ya b + c) 

=> 10 a(b + c)>(a+b+c)(4a+b + c)<^>(a-b-c){4a-b-c)<0oa<b + c tir day suy ra: 

(a + b-c)(b + c-a)( c+a-b) > 0 <=> ab(a + b) + bc(b + c) + ca(c + a) > a 3 +b 3 + c 3 +2abc(*) 
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<=> 4 [ab(a+b) + bc(b+ c) + ca(c+ a) + abc] > (a+b + c) 3 

16 (a+b + c)(ab+bc + ca) ^ , , 5 (a + b + c) 2 

<» —--- -> (a+b + c) 3 oab + bc + ca> — -— 


Mat khac ta co (*) <=> a 3 + b 3 + c 3 < 5 abc = 
48 


(a + b + c)(ab + bc + ca) 5 (a +b + c) 


Tir cac danh gia tren ta co P < 


5 (a+b + c) 5 (a+b + c) 5 


128 < - (de dang chung minh) 


P = khi : (a,b,c) = (2; 1; 1) va hoan vi 


Bai 6: Cho cac so there duong x,y,z sao cho — + — + - 


x y z x + y + z 


- Tim gia tri 1cm nhat cua 


_ (x-y)(y-z)(z-x) 
xyz 


(Trick de thi thus&Ha Tinh) 


Bai giai 

Bai nay tinh ca each cua minh thi co khoang 7 lbi giai nhimg co 4 ldi giai co ve na na giong nhau vi the 
xin chi neu cac each dien hinh : 
chu y cac dang thuc sau: 


16 = (x +y+ z) I+I+iUf + 2 + £ + f + Z + £ +3 va : 

U y z) {y z x J U x y) 


_ (x-y)(y-z)(z-x) _ (x z + y x+z y)~(x y + y z + z x) _[ jv v z] [x y z 


xyz 


xyz 


y z xJ {z x y 


;) 


Ap dung BBT am-gm :16 2 = \ x 2 + y 2 + z 2 + 2(xy + yz + zx)~\\ ^ T + \ + \ + 2\— + — + —j 
L J [x- y z yxy yz zx) J 

> 4 2(xy+ yz+ zx)(x 2 + y 2 + z 2 ).2(— + — + — ) f + A + 4 | 
v yxy yz zxj^x y z J 

= + y + = vj(* 2 + v J + r)(j T+ -L + J ; 

^ +/+ ^a + _l ii< 64 «f4 + 4 + 4Vf4+4+4^6i 

V x J Z J {y z X J {z X y J 

A 2 -2B + B 2 - 2A < 61 <=> (A + B) 2 - 2AB - 2(A + i?) < 61 <=> AB >41 taco : 

P 2 = (A—B) 2 = (A + B) 2 -4AB <169-4.41 = 5 =>P<>/5 dang thuc co the xay ra khi : 
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x 2 + y 2 + z 2 = 2(xy + yz + zx) \ yfz -yfx + yfy 

x 2 y 2 + y 2 z 2 + z 2 x 2 = 2 xyz(x + y + z) chang han nhir \ Jyz = y[x(y[y + yfz) 
(x-y)(y-z)(z-x)>0 z>y>x 
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§8: BAT DANG THUt CO BIEN BANG 0 


Bai 1: Cho cac so thyc x ; y ; z khong am sao cho khong c6 hai so nao dong thdi bang 0. Tim gia tri 

nho nhat ciia bieu thuc P = (xy + yz + zk)\ '—- + , 1 , + ■ , 1 , 

+ y 2 y 2 + z 2 z 2 +x 2 


Bai giai 

Gia sii z = min(x;y;z). Khi do ta co: x + y>2zoxy + yz + zx>\x + : 
1111 


OH) 


Mat khac ta co: 


y* + z A 


HI H 


ihHI HJ 


Dat a = x + ^\b=y + ^ (a > 0, b > 0 theo gt cho) 


Ta co : P > ab\ 


a~+b a b 


~ +1 

{bj 


a 1 
b a 


Dat t - — (t > 0) ta khao sat ham so: 

/(0 = -r— + t + ~ ( voi t > 0) 
r +1 t 


= < ' , - 1) [7-(^] 


t (t +1) i 

= 0 <=> t = l(t > 0) 


Bai 2: Cho a; b; c la cac so thirc khong am doi mot khac nhau. Tim Min 

P = \(a + b) 2 +(b + c) 2 + (c + a) 2 ]\ -- —- +-- —- +--——1 

7 V ; V ’ \(a-bf ( b-cf (c-af J 


Bai giai 
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Gia su c = min(a;Z?;c) =^> a - c < a;b - c < b => P > [(a + b ) 2 + a 2 + b 2 ~\\ —t + ~t + \ 

L J |_(a-Z?)“ a b ] 


2(a~ + b + ab ) + 2(a“ + ab + b ) + 2(a“ +ab + b ) 
a 2 -2ab+b 2 a 2 b 2 


a Z> 

- + - + 1 
b a 


a Z> Y fa Z? 

& + aJ + U + a, 


. Jf + 1 t „ * 2 (;y + z) a Z> 

= /(f) = 2 -+ 1 +1\ von P = —--- f = - + - > 2 

L?-2 J yz b a 


r/ / \ — ■3 _ t _ 5 + a/33 

f (?) —-— + 2? +1 — 0 => ? —- 

(?-2) 2 4 

Lap bang bien thien ta co ngay min f(t)= 

59 + 1L/33 


59 + 11V33 


^ . Dau dang thuc xay ra <=> c = 0; ^ + — = ^ + -J33 c £ c hoan vi cua chung. 


i?aZ 3: Cho a,b,c la cac so khong am. Tim gia tri nho nhat cua bieu thuc 


P = 


2a 2 +b 2 +c 2 a + b + c 


(a 2 +b 2 )(a 2 +c 2 ) (a + b)c 


+ 2 y]a + b + c 


Bai giai 


Ta co P = 


(a 2 + Zr )(a 2 + c 2 ) (a + b)c 


+ 2 yja + b + c — 


H- 1 -f 2 -\J a + b + c 


a 2 +b 2 a 2 +c 2 a + b c 


Vi 0 <a<b<c nen a 2 + b 2 < ab + b 2 < + bj . Dau bang xay ra khi a = 0 

Tuong tu: a 2 + c 2 < ^ + c j . Dau bang xay ra khi a = 0 

Nen : P > —- +--—- + —— + - + 2 J a + b + c dau bang xay ra khi a = 0 

(H (H a+b c 

Ap dung cac bat dang thuc : voi x > 0, y > 0 ta co: 

1 1 ^ 


y (x+y)' 


dau bang xay ra khi x = y. (phai chung minh) 


— + — > ^ dau bang xay ra khi x = y. 

x y x+y 


(1 a + b + c ) a + b + c 

Dat t = 2yja + b + c voi t > 0 


+ 2 y]a + b + c 
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Xet ham so fit) = — + — + 2t voi t > 0 


„ . 32 8 - 2r - 8r -32 

Taco: f , (t) = -—-- + 2 = - 5 - 

r r r 

f 1 (t) = 0e> 2t 5 - 8t 2 - 32 = 0 <=> 2 (t - 2)it 4 + 2t 2 + At + 8) = 0 <=> t = 2 


Bai 4: Cho cac so there khong am a, b, c thoa man VI + 2a 2 + VI + 2 b 2 + VI + 2c 2 =5 
Chung minh rang: 4yf2a 3 + b 6 + c 6 < 64 


Bai giai 

Ap dung (1) ta co 

5 = Vl + 2a 2 + y/l + 2b 2 +yjl + 2c 2 > 1 + Vl + 2a 2 +2b 2 Wl + 2c 2 > 2 + Vl + 2a 2 +2b 2 +2c 2 


Suy ra a 2 +b 2 +c 2 <4 hay b 2 + c 2 <4-a 2 (2) 

Khi do 4y[2a 3 +b 6 +c 6 <4yj2a 3 + (6 2 + c 2 ) 3 

Tir (2) va do a, b, c khong am ta co 0 < a < 2 

Xet ham so /(a) = 4yfla 3 + (4-a 2 ) 3 tren [0;2]. Ta co: 

f'ia)= 12V2a 2 - 6a(4 - a 2 ) 2 = 6a(a - V2 )[a(6 - a 2 ) + ^2 (8 - a 2 )] 

Voi ae[0;2],/ / (a) = 0«a = 0;a = V2 

Co f(0) = 64 ; /(V2) = 24;/(2) = 32^2 => /(a) < 64; voi Va e [0;2] 

Vay 4>/2a 3 +b 6 +c 6 <64. Dau dang there xay ra khi a = b = 0, c = 2 hoac a = c = 0,b = 2. 
Bai 5 : Voi cac so there: 0 < a,b,c < 2 thoa man a + b + c = 3. 

Tim gia tri nho nhat cua bieu there P = Vl + a + yjl + b + yjl + c 

Bai giai 

Ta cherng minh : yfl + a + y/T+b > 1 + Jl + a + bi *). That vay: 

(*)<=>l + a + l + b + 2ylil + a)il + b) >l + l + a+b + 2y/l + a + b 
<s> (1 + a)(l + b)>\ + a + b <^> ab>0 (luon dung) 

Vi vai tro ciia a,b,c nhu nhau nenkhong mat tfnh tong quat gia sif a<b<c 
Suy ra : 1 < c < 2. Theo (*) ta co: P > 1 + yjl + a + b + y/l + c = 1 + y/4-c + yjl + c 
Xet ham: f(c) = l + yj4-c + y/l + c\l<c<2 


Taco f'ic) = - / +— T-— ; A(c) = 0 <=> c = - 

2yf4^ 2VTT7 2 

Taco: /(l) = /(2) = l + V2 + V3;/[^|j = l + VlO. Vay : P>l+V2 + V3 

Vay GTNN cua P la: 1 + y/2 + y/3 

Bai 6: Cho x, y, z la cac so khong am thoa man xy + yz + zx = 1 . Tim min cua 

P = —v H —2 + ~2 ~—2 + V + 1)(^ + !)( z + 1) 

x + y y +z z +x 2 2 
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Bai siai 


Gia sii z = min {x, y, z }. Bat x + ^-u>0, y + -^ = v > 0 khi do ta co: 



2 •> 2 A z') 2 

HJ 

= u ,y +z <1 y + -\ =v 

K 

1 + (» + f) = ul+v2 


x + y y~+z z + x~ u" + v u~ 


U + V U V M"+V" A\U V J 4 {u V J 


u 2 +v 2 2 uv (u + v ) 2 (u + v) 2 (u + v) 2 (x + y + z) 2 

(* + l)(y + l)(z + l) = 

=>r + fu+y + z)+5 
(x + y + z) 2 


Cac BDT phu da dung ^ j > 


a 2 b 2 (a + bf 


i + i>^ 

a b a + b 


Bai 7 : Cho cac so thuc khong am a, y, z biet x = min{x,y,z}. tim GTLN cua bieu thuc: 
32 (x+Jyz) 2 


xUx + Jy +Vz) +4^(y + y[xz)(z + ^Jxy) + lj 




Bai siai 

Ta co cac danh gia sau: 

(y + yfzx)(z + Jxy) > (x+yfyz ) 2 <=> yz + z4zx + y,Jxy +Xy[yz >x 2 +2xjyz + yz 
<=> x(z4z + yjy -yfxyz -xyfx) > 0 (dung vdi x = min{x;y;z}) 

(Jx + Jy +4z) 2 >4 (x + Jyz) <=> x + y + z + 2^/xy + 2<Jyz + 2yfzx >4(x + yfyz) 
<=> (yfy-Jz) 2 +4x(2^y +2yfz -3-v/x) > 0 (dung voi x = min{x;y;z}) 
x(yfx+Jy +Vz) 2 >0 

Nen: P< 32( *+i>f -4(* + > fc) = * X + &> 1 -4(x + ^) 

4(x + yfyz) 2 + 4 ^ (x + V^) 2 +l 

Bat x + yfyz = t(t > 0). Ta co: 

fit) = -4 t.f'(t) = ^ l 6 \ 2 -4 = 0 o(t- l)(t 3 - 1 2 + 3t- 1) = 0 

t +1 (t + 1) 

Phuong trinh co nghiem t = 1 va nghiem luong giac a 

Voi t > 1 thi f'(t) > 0. Ham dong bien nen ta chi xet P trong khoang [0;1] 

Ta tmh f(0).f(l).f(a) va co /(0) = /(1) = 0 > f(a) 
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, fx = y = z = 0 

Nen MaxP = M-dxf(t) = /(0) = /(1) = 0.. dau “=” xay ra khi < 

[x = 0; y = z = 1 


Bai 8: Cho cac so thuc khong am x, y, z thoa man x + y + z = 4 . Tim gia tri Ion nhat ciia bieu thuc 

P = x 3 + y 3 +z 3 + 8(xy 2 + yz 2 + zx 2 ) 

(Trich de thi thir trucmg chuyen Vinh lan 2) 


Bai giai 

Gia su y nam giua x va z 

^>x(x-y)(y-z)>0<^>x 2 y + xyz>xy 2 +x 2 z<=> x 2 y + 2xyz + z 2 y>xy 2 +x 2 z + z 2 y+xyz>xy 2 +yz 2 +zx 2 
=> P<x 3 + y 3 + z 3 + 8y(x + zf .Laico x 3 +z 3 <(x + z) 3 =(4-y) 3 (do z>0) 

=> P < (4 - y) 3 + y 3 + 8y (4 - yf = f(y)< /(1) = 100 
=> P max = 100 tai (x, y, z) = (3,1,0) 


Bai 9 : Cho cac so thuc x, y thoa man (x 2 + y 2 +1) 2 +3 x 2 y 2 -4x 2 -5y 2 +1 = 0 


Tim GTNN,GTLN cua P 


_ x 2 + 2y 2 -3x 2 y 2 
x 2 + y 2 +1 


Bai giai 

Tu dieu kien y 2 - 3 x 2 y 2 -1 = (x 2 + y 2 - 1) 2 > 0 => P > 1 

\x 2 +y 2 = 1 fx = 0 

Vay P = lo^ o\ , 

' [y 2 -3x 2 y 2 -1 = 0 [y 2 =l 

p= x 2 +2y 2 -3x 2 y 2 = 4 1 2y 2 -x 2 -4-9x 2 y 2 

x 2 +y 2 +l ~ 3 3' x 2 + y 2 +1 

^ , 2y 2 -x 2 -4-9x 2 y 2 , 2 2 ix2 13, 2 2x 1 

Taco--- = (x +y +1) -y(x +y )-- 

Voi y 2 >2=>x 2 + y 2 >2=>(x 2 + y 2 +1) 2 -y(x 2 +y 2 )-i>0=>P>^ (Vollvoi P. n =1) 

r, x 2 +2y 2 -3x 2 y 2 4 1 2y 2 -x 2 -4-9x 2 y 2 4 12y 2 -4 4 

=>y <2=>P =-—-2_ = _ + _.^i----—-— 2 — 


x +y +1 3 3 x“+y +1 3 3 y +1 3 


4 |x = 0 
Vay P = - , 

3 [y 2 = 2 


Bai 10 ; Cho cac so thuc khong am x, y, z thoa man x + y + z = 3 
Tim GTLN cua bieu thuc : P = (x 2 - xy + y 2 )(y 2 - yz + z 2 )(z 2 -xz + x 2 ) 


Bai siai 


Gia su 3>x>y>z>0 
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z(z-x)<0 z 2 - zx + x 2 < x 2 . , , , , , , , , , , , , 

=> P<x y (x -xy + y ) = x y (x+ y) -3x y <9x y -3x y 


z(z-y)< 0 [z 2 - zy + y 2 < y 


Xet ham so fit) = 9t 2 - 3t 3 voi t e |^0;—J 
Vay P max = 12 tai (x; y;z.) = (2; 1; 0) 


>/( 0 _=/( 2 ) = 12 


Bai 11: Cho cac so thyc x,y thoa man (x +y + 1) + 3x y - 4x - 5y +1 = 0 


Tim GTNN,GTLN cua P 


_x 2 +2y 2 -3x 2 y 2 
x 2 + y 2 +1 


Bai siai 

Tir dieu kien ^ y 2 - 3 xy 2 - 1 = (x 2 + y 2 - 1) 2 > 0 => P > 1 
f x 2 + y 2 = 1 fx = 0 


Vay P. = 1 <=> { ' 

[y 2 - 3x 2 y 2 -l = 0 \y =1 


P 

Ta co 


x 2 + 2y 2 -3x 2 y 2 _ 4 | 1 2 y 2 -x 2 - 4-9 x 2 y 
x 2 + y 2 + 1 3 3’ x 2 + y 2 +1 

2y 2 -x 2 -4-9x 2 y 2 




Voi y 2 >2 =>x 2 + y 2 >2 =>(x 2 + y 2 + 1) 2 - ^-(x 2 + y 2 )-^>0=> P>^ (V6 If voi P rur -1) 

, ^ „ x 2 +2y 2 — 3x 2 y 2 4 1 2y 2 -x 2 -4-9x 2 y 2 4 12y 2 -4 4 

- 2 ■ " 2 ' ■* 3 3 x + y +1 3 3 y +1 3 


Vay P =-<^\ , 

3 [y = 2 


x +y" +1 
; = 0 


Bai 12 : Cho cac so thyc khong am x, y, z thoa man x + y + z = 3 
Tim GTLN cua bieu thiic : P = (x 2 - xy + y 2 )(y 2 - yz + z 2 ){z 2 - xz + x 2 ) 

Bai siai 


Gia six 3>x>y>z>0 

[z(z-x)< 0 jz 2 -zx+x 2 <x 2 
[z(z-y)<0 [z 2 - zy + y 2 < y 2 


P < x 2 y 2 (x 2 - xy + y 2 ) = x 2 y 2 (x + y) 2 - 3x 3 y 3 < 9x 2 y 2 - 3x 3 y 3 


Xet ham so fit) = 9? 2 -3t 3 voi t e 



=>m 


= /( 2 ) = 12 


Vay P max =12 tai (x;y;z) = (2;1;0) 
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Cau 13: Cho cac so thyc khong am x,y,z xthoa man x+y + z = 1. Tim gia tri nho nhat ciia bieu thuc 

P = 3^x 2 y 2 +y 2 z 2 +z 2 x 2 + xy + yz + zx) + 2. N /x 2 Ty 2 Tz 2 " 


Bai giai 


Ap dung bat dang thuc a 2 +b 2 +c 2 > ab + be + ca 3^x 2 +y 2 + z 2 )>(x+y + z) 2 

p > 3 (-^ + ^ + ^) +3 (^ y + yz + gc ) + 2 > /l-2(xy + yz + gc) 

=>P> (xy + yz + zx)~ + 3 [xy + yz + zx) + 2^1 - 2 [xy + yz + zx) 

Bat t = xy + yz + zx(t > 0). Do x 2 + y 2 + z 2 > xy + yz + xz 


Nen 1 = (jc + y + z) 2 >3(xy + yz + xz)-3t =>t e 

Xet ham / (?) = ? 2 + 3? + 2y/l - 2 1 => f '(t) = 2t + 3- 2 > 0, V? e ^0; i j 

=>/(r) min =2->7^ =2 ^(*,y,z) = (l,0,0),(0,1,0),(0,0,1) 

Cau 14 : Cho hai so thyc duong x, y thoa man 4(x 3 + 8y 6 ) = 1 . Tim gia tri Ion nhat cua bieu thuc 

p b + 2/+2) 3 

5(x 2 + y 2 )-5(x+ y) + 3 


Bai giai 

Ap dung bat ddng thuc phu a 3 + b 3 > ab(a + b ) ta duoc 

x 3 +8y 6 > 2xy 2 (x + 2y 2 ) => (x 3 + 8y 6 ) > (x + 2y 2 ) <=> 1 > (x + 2y 2 ) <-^l>x + 2y 2 
Do do: (jc + 2y 2 + 2) 3 < (l + 2) 3 = 27 (l) 

Lai co: 5(x 2 + y 2 )-5(x + y) + 3 > ^-(x + y) 2 -5(x + y) + 3 =^(x + y) 2 - 2(x + y) + lj + ^ (2) 


27 

Tu (1), (2) -> P < — = 54 Dau “=” xay ra khi 


Vay Max P = 54 khi x = y = — 


x-2 y 2 
x+y = l 
4(x 3 +8y 6 ) = l 


o x= y = - 


Bai 15: Cho cac so khong am a,b,c va Z?>0 ; *Ja 2 +b+yjb + 2c = 4^Jb .timmax P = + —jS - 

b+c ayb +2b 


Lai giai 
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Bat y = -;x = ~ taco GT<=> y/x 2 + l + Jl+2y = 4va cantimmax P = ^— + —^~ 

b y/b y v y y + l x + 2 

chu y 4 = \jx 2 +1 + Jl + 2y > yjx 2 +1 + 1 -> x < 2y[2 va tuong tu y < 4 luc nay ta co 

^ + ^L-2V2 = J: ~ 2 ' /? - y(4 ^~ >, ~ 1+2 ^ J:) <0«P<2V2. 

y + l x + 2 y + l (x + 2)(y + l) 

max P = 2yf2 khi (x, y) = (2>/2; 0) 


Bai 16 : Cho cac so khong am x,y,z sao cho (x + y) 2 + (y + z ) 2 +(z + x) 2 = 6 tim max cua 
(x + y + zf (xy + yz + zxf 


Bai giai 

Giai: ta co 6 = (x+y) 2 + 2z(x+y + z) + x 2 + y 2 > +2z(x+ y) + —— = + + 

2 3 6 


>3x + 3y + 2z<6 <=> 3(x+y + z) < z + 6 tu do suyra 

, (x + y + z) (xy + yz + zx) 2 ^(x + y + z) 2 1 (xy + yz + zx ) 2 _ 15 (xy + yz + zx-1) 2 ^ 15 


3 24 12 3 24 24 24^ 

khi(x,y,z)=( 1,1,0) _ 

Bai 17: Cho cac so thuc khong am a,b,c sao cho a + b + c = 2. Tim gia tri Ion nhat cua 
P = (a 2 + ab + b 2 )(b 2 +bc + c 2 )(c 2 +ca + a 2 ) 


< — maxP= 15/24 
24 


Khong mat tinh tong gia su a>b>c. the thi 
c(a + c) 


Bai giai 


a~+ac + c <a +ac + - 


^ = (a+c)fa + ^ j va b 2 +bc + c 2 <b 2 +bc+ C ^ + c ^ = (h + c)fb+ ^ 


:=> n(« 2 +ab + b 2 ) < (a + c)(b + c)(a 2 +ab + b 2 )(a+^)(b + ^) < {a + c){b + c)(a 2 +ab + b 2 ) 

T ' o/ \/i N / 2 , ,2, 3 (a+b + c) 2 3 c 2 -(a-b) 2 

Limy 3 (a + c)(b + c) + (a +ab+b) = -- -1- -- taco: 

4.3(0 + c)(b + c).(a 2 +ab+b 2 ) = [3 (a + c)(b + c) + ( a 2 + ab+b 2 )J - [3 c(a+b) + 3c 2 - (a - b)J 

= ^ 6 + 3c j -[3c 2 -(a-b) 2 + 3c(a + b)J 

= 36 + 6(1-c) 2 ^3c 2 -(a-b) 2 ^j-9c 2 (a + b) 2 — -^-^-1 

<36 + 18c 2 (1 - c) 2 -9c 2 (2 - c) 2 = 36 - 9c 2 (2 - c 2 ) < 36 .tu do P < 3 dau= khi(a,b,c)=( 1,1,0) va hoan vi 
Bid 18: Cho cac so x,y,ze [0;2] khong dong thdi bang 0. Tim GTNN cua : 

96 

P = x 2 + y 2 + z 2 + 6(xy+yz + zx) +— . - 

3yjx 3 + y 3 +2z 
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Bai siai 

Chuy 3 ^x 3 + y 3 + 2z<3(x + y) + 2z<3(x + y + z) tir day taco 
P>(x+y + z) 2 + 4(xy+ yz + zx) + - 


32 


x+y + z 


32 


>20 


Neu x+y + z< 2 deco P>(x+y + z) 2 + - 

x + y + z 

Neu x+y + z> 2 tir xyz + (2-x)(2-y)(2-z)>0=>xy + yz + zx>2(x+y + z)-4 tu do : 
32 


P>(x+y + z)“ + 8(x+y + z) + - 


x+y + z 


-16> 4+32-16 = 20 minP=20 chang hanx=2;y=z=0 


Bai 19: cho cac so thuc khong am x, y, z e [0,2] va x + y + z = 3 tim gia tri nho nhat cua 


„ 1 1 1 ,- 

P = — -—^ + ~- 2 —;z + —- 5 —- + Jxy + yz + zx 

j t 2 4_y 2 _i_2 y 2 + z 2 + 2 z 2 +jt 2 + 2 v 


Bai siai 

Khong mat tong quat gia sir x > y > z suy ra 2 > x > 1 va y + z>l-»xy>0 taco 
1 1 1^1 


x +y +2 x + (y + z)“+2 y +z +2 (y + z) +2 


matkhac 


yjxy + yz + zx-y/x(y + z) = 


yjxy + yz + zx + ^/x(y + z) 2^3 (x 2 + 2)(x 2 + z 2 + 2) 


Jxy+yz + zx + — 1 —^-> Jx(y + z) + —— T. -t -—t- % --- = Jx(y + z) + ^r — 

V ^ x 2 + z 2 +2 V x 2 + z 2 + 2 (x 2 +2)(x 2 + z 2 + 2) V x 2 +2 

thay y + z = 3 - x va ket hop cac danh gia tren ta quy ve 

P > f (x) = —t-— + — t — - + — ; — -+ Jx(3 - x) voi xe[l;2l chuy rang 

J x 2 +2 2x 2 - 6x +11 x 2 - 6x +11 V L J y 5 

—s— -=---> — mat khac ta cung co danh gia 

2x 2 - 6x +11 2(x - l)(x - 2) + 7 7 ' 

1 1 ^ _ (x-1)(2- x)(x 2 - 3 x- 2) (x - 1 )(x-2)(x+ 1) (x-l)(x-2) 


[ 4 —- 

lx 2 +2 6. 


x -6x + ll 3) 2(x 2 +2)(x 2 -6x + ll) 


V43^)-V2 = £222* . ^-^--^(-^-^ tudaytaco 
V i/x(3-x) +\[2 3 + 3 3 

2 2 

1 1 (x-l)(x-2) r- (x-l)(2-x) 2*$2 + 1 ,a ... . . ..... . . 

P>-+-+- -—-- + V2 + --—-- =- dau=khi (x,y,z) = (2,1,0) vahoanvi 

6 3 3 3 2 

Bai20 : Cho cac so thuc a>c>&>0thoa man a+c = 2b + l tim gia tri Ion nhat cua : 

„ Ta bS I —;—- 

(Trick de thay Dink Cong Dieu) 

Bai siai 


1 


(a + b + 1) + 4(2 ab - ac) 
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Thay a+c - 2b = 1 ta co cac danh gia: 

(a+b + 1) 2 + 4(2 ab - ac) = (2 a + c-b) 2 + 4(2 ab - ac) = (b-cf + 4 a(a + b)> 4a(a + b) 


a(a 2 -b 2 ) 


(a+b + 1) + 4(2 ab - ac) 


[ 4 ^ 

h i~ + 


a(a 2 -b 2 ) 


4 a(a + b) 


|4a + 


.lpEC + C3I<|ri +1 ¥_5i 

2\a + c-2b M a + c-2b \ U JU + c 


= - (Cauchy-schwart) 


Vaymax P = - khi (a,b,c) = (2,1,1) 


Bai 21: Cho cac so there x, y, z e [0; 2] va 0 < x+ y+ z < 4 tim gia tri nho nhat cua: 
p _ \2(x + y) - 4xyz | 72 

(3 - x)(3 - y) x 4 +2y 3 +4z 2 +8 


Bai siai 


= 3- 


3(x 3 + y 3 ) 


x 4 +2y 3 +4r+8 2(x 3 + y 3 ) + 24 x 3 + y 3 +12 

Ngoaira 12( * +y) - 4 ^ > > ^>.tudo 


(3-jc)(3 -y) 


3(3-x) 


‘ 3(3 - x) 


suy ra: 


P>3- + y ^ ^ = G .trong G thi x va y doi xung ta gia sir x > y the thi 

x +y +12 3(3-x) 

3x 2 (x+y) , 4(x + y) 


12 


3(3 - x) 


x 2 (3-x) = 4-(x-2) 2 (x + l) < 4 => 3- 


3x 2 (x + y) 
12 


4 (x+y) ! 4(x+y) x + y ^ 3 

3(3-x) ~ 3(3-x) 3-x ~ 


—>P> 3.min = 3.khi(x, y,z) = (0,0,2) 

Bai 22: Cho cac so khong am x,y,z va xy + yz. + zx> 0 . Chung minh rdng 
jx 2 - xy + y 2 + ^y 2 - yz + z 2 + Jz 2 - zx + x 2 <x+y + z + ^x 2 + y 2 + z 2 -xy-yz-zx 

Bai siai 

Khong mat tong quat gia sh x>y>z the thi: <Jy 2 -z(y-z) + yjx 2 -z(x-z) <x+ y 


Ma de thay: ■Jx 2 -xy + y 2 > ~~ va yjx 2 + y 2 + z 2 -xy-yz-zx > 2z 


Tir do: *Jx 2 -xy + y 2 -yjx 2 + y 2 + z 2 -xy-yz-zx = 


z(x+y-z) 


-y/x 2 -xy + y 2 + -y/x 2 + y 2 + z 2 - xy - yz- zx 


< --- - -— = z tir do ta co DPCM dau = khi x = y = z hoac 1 trong 3 bien bang 0 

x + y x + y-2z 

-^ +- - - 

2 2 


Bai 23: Cho cac so there a,b, c thoa man (a -1) + (b - 2) + (c - 3) = 9 . Tim gia tri nho nhat cua bieu 
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thuc P = ^(a-3) 2 +(b-6f+(c-7) 2 + 2yj(a + 3) 2 +(b-6) 2 +(c + 5) 2 

Bai giai 

Co 14 = (a -l) 2 +1 + (& - 2) 2 + (c - 3) 2 + 4 > 2|« - l| + (b-2) 2 +4|c-3| > (b — 2) 2 + 2(1 - a) + 4(3 - c) 
=>8(a-l) + 16(c-3)>4(Z?-2) 2 -56 

Mat khac ta co yj(a - 3) 2 + (b - 6) 2 + (c - If + ^(a + 3) 2 +(fr-6) 2 + (c + 5) 2 
>V(3-a + a + 3) 2 +4(fr-6) 2 +(7-c + c + 5) 2 = 7 4 ^~ 6 ) 2 + 180 

Va + 3) 2 +(b- 6) 2 + (c + 5) 2 = J(a-l) 2 +S(a-l) + l6 + (b-6) 2 +(c-3) 2 +16(c-3) + 64 
>^{b-6f +9-(b-2) 2 + 4(b- 2) 2 +80-56 = ^4b 2 -24Z? + 81 
=> P > yl4(b-6) 2 +180 + >/4 b 2 -24b + 81 

Xet ham so f(b) = ^4(b-6) 2 +180 + ^4b 2 - 24/? + 81 => f(b) > /(4) = 21 
Vay = 21<^(a;6;c) =(0;4;1) 

Bai 24: Cho a,b,c la cac so thuc thoa man 0<a<b<\<c va 2b 2 + c 2 +a 2 + 4(2a + b + c) = lS 
Tim gia tri Ion nhat cua bieu thuc: P = a 2 c + c 2 b + b 2 a -— , 

2a-5b + e(ylb + 3 ^bc) 

Bai giai 

Ta co a 2 c + c 2 b + b 2 a - b(a + c) 2 = a(b - c)(b - a) - abc <0 -> a 2 c + c 2 b + b 2 a < b(a + c) 2 
Mat khac b(a + c ) 2 < ^ a + ^ + c ^ ( am _ g m ) c ^ n g theo BDT am-gm: 


2a-5b + 6yfb + 6yf4bc < 2a-5b + 3(b + l) + 2(2 + 2b+c) = 2(a + b + c) + l tu gia thiet ta co : 
24 = a 2 + 2(Z? 2 +l) + (c 2 +4) + 4(2a + b + c)>4b+4c+4(2a + b + c)^a + b + c<3 ta co 


„ 4(a + b + c) 
" 27 


13 


4.27 


13 


2{a + b+c) + l 27 2.3 + 7 


jl—-= 3.VayMaxP=3 khi (a,b,c) = (0,1,2) 


Bai 25: Cho cac so thuc b e [ 0; 4 2 e ( 0; ^ 

[ x = minO, y, z) 

Tim gia tri nho nhat cua bieu thuc: 

D x + z + 3xz , x+y + 3xy i 2x + 4y | 

] 

r 1 , 1 ] 


y <Jx 2 + z^Jxz + z 2 V 

x+y+z\ 

K ^x 3 + y 2 x+2y 3 ^2x 2 y + x 2 z + 2z 2 y J 


Bai giai 

Hinh there cong kenh nhirng bai nay xu' li kha nhanxhu y la: 


<Jx 3 + y 2 x + 2y 3 ^2x 2 y + x 2 z + 2z 2 y ^2(x 3 +y 2 x+2y 3 + 2x 2 y + x 2 z + 2z 2 y) 
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4 ^ 4 ^ 4 

^2(x + 2 y)(x 2 + y 2 + z 2 ) + xz(x-z) ^2(x + 2y)(x 2 + y 2 +z 2 ) ^2(x + 2y)(x + y + z) 

Mat khac x + z.'Jxz. + z 2 < (x+ z) 2 <=> z(2x + z) > zy/xz + z 2 3 xz > 0 :dung nen 

p ^ x+z + 3xz | x+y + 3xy | 4 ^x + z | xy + yz | 4 _ (x + y -2) 2 , /] ^ /] 

y 2 z+x x+y+z 1 z+x x+y+z 4 

Min P=4 khi x = 0 va y = z = 1 

Bai 26: Gia sir x, y, z la cac so thuc khong am thoa man 0 < (x + y) 2 + (y + z) 2 + (z + x) 2 < 2. 

r » 4 4 4 3 

Tim gia tri Ion nhat cua bieu thuc P = 4 X + 4 y +4 Z + ln(x + y + z )- — {x+ y + z) . 

Bai siai 

Chung minh bat dang phu sau 4 f < 3 1 + 1, \/t e [0; 1] . Xet ham so f(t) = 4‘ - 3t - 1, Vt e [0; 1] . 

Taco: f\t) = 4'.ln4-3, f\t) = 0<^t = \ogA — |e(0;l). 

Un4j 

Ta co: 0<(x+y) 2 + (y + z) 2 + (z+x) 2 <2 <=>0<x 2 + y 2 +z 2 +2xy + 2yz + zx<l 
Suy ra: x, y,z e [0; 1] . Dau “=” xay ra khi (x;y;z) = (1;0;0) hoac cac hoan vi. 

Va 2(x 2 + y 2 + z 2 ) < 2(x 2 + y 2 + z 2 ) + 2(xy + yz + zx) < 2 <» x 2 + y 2 + z 2 < 1 

Do 4' <3r + l,Vte[0;l] ^4 x +4 y +4 z <3(x+y + z) + 3 

Mat khac: x 4 + y 4 + z 4 < x 2 + y 2 + z 2 => ln(x 4 + y 4 + z 4 ) < ln(x 2 + y 2 + z 2 ) < 0 


3 4 21 

Tir do ta co: P < 3(x + y + z) + 3 — (x + y + z) < — 

4 4 

Dau “=” xay ra khi (x;y;z) = (1;0;0) hoac cac hoan vi. 
Vay MaxP=^-. 


Bai 27: Cho cac so thyc khong am x, y, z thoa man 0 < x 2 + y 2 + z 2 + xy + yz + zx <9 . Tim gia tri ldn 
444 (x+y + z) 6 

nhat cua bieu thuc P = x +y + z--+--- ——r 

5(x +y +z ) 


Bai siai 


Cach 1 

^ (x + y + z ) 6 ^ (x 2 + y 2 + z 2 +xy + xz + yz ) 3 _ (x 2 + y 2 + z 2 + xy + xz + yz ) 2 
5 (x 2 + y 2 + z 2 ) 5(x 2 + y 2 + z 2 +xy + yz + xz) 5 

+)x 4 + y 4 + z 4 < (x 2 + y 2 + z 2 ) 2 < (x 2 + y 2 + z 2 + xy + xz + yz ) 2 
__ p< 4 (x 2 + y 2 + z 2 + xy + yz + xz ) 2 ^. 4,81 _ 324 
^ 5 5 ~~ 5 


Vay P mux 

Cach 2 


324 

= —— tai (x;y;z) = (3;0;0) va cac hoan vi. 


























Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

Ta co : x 2 < 9 - (y 2 + z 2 + xy + yz + xz) < 9 => x e [0;3] 

Tuong ty => y, z e [0;3] 
fx(x 3 - 27) < 0 

Khi do \ y(y 3 - 27) < 0 =4> x 4 + y 4 + z 4 < 27(x + y + z) 

[z(z 3 - 27) <0 
fx(x-3)<0 

Va \ y(y - 3) < 0 => x 2 + y 2 + z 2 < 3(x + y + z) 

[z(z - 3) < 0 

(x + y + z) 6 


Suy ra P < 27(x + y + z) - 


15(x + y + z) 


324 


Xet ham so fit) = 27 1~~ vdi t = x+ y + z,0<t < 9 => fit) max = f(3) = ^ 

324 

Vay = —— tai (x;y;z) = (3;0;0) va cac hoan vi. 

Bai 28: Gia sir x,y,z la cac so thyc khong am thoa man xy + yz + zx = 1. Tim gia tri nho nhat cua bieu 
thiic 

1 1 15 , 


Pm- 


x +y y +z z +x 


Ux+l)(y+l)(z+l) 


Bai giai 

Gia sir z = min {x, y, z }. Bat x + ^- = w>0;y + -| = v>0. Khi do ta co 


f£) = u 2 ;y 2 + z 2 <^y + =v 2 


z'f 2 

- =U 

2 ) 


Chu y rang voi hai so thyc dirong u, v ta luon co - + -> va \ + \> —-— r 

U V U + V U V ^W+v) 


( 2 ) 


Tir (1) va ap dung (2) ta duoc 


u +v" 4 {u 

4 6 


4yu 2 

10 


111 ^ 1 

x 2 + y 2 y 2 + z 2 z +x 2 u 2 +v 2 
1 | 1 | 6 
u 2 +v 2 2 uv (u + v) 2 

10 


(3) 


(u+v) 2 (m + v ) 2 (u+v ) 2 (x + y + z ) 2 

Mat khac ta co (x + l)(y + l)(z+l) = xyz + (xy+ yz + zx) + (x+y + z) + l =xyz + x + 


Tir (3) va (4) suy ra P > 


(x+y + zf 2 


+ -(x+y + z)+5 


(5) 
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Bat x+y + z = t>0 . Xethamso f(t) = ^- + ^t,t> 0 
Taco f'(t) = ~+^,t>0 

Suy ra f'(t) = 0<^> t = 2;/'(t) > 0<=> t > 2;/'(t)< 0<=>0< t < 2. Suy ra /(f)> / (2) = ^ voi moi t > 0 (6) 


25 

Tir (5) va (6) ta duoc P> — , dau dang thuc xay ra khi x = y = l,z = 0 hoac cac hoan vi. 

, 25 

Vay gia tri nho nhat cua P la — 

Bai 29: Cho cac so thyc khong am x, y, z thoa man Vl + x 2 + yjl + 2y + \fl + 2z = 5 . Tim gia tri Ion 
nhat cua bieu thuc P = 2x 3 + y 3 + z 3 

Bai giai 

Voi hai so khong am a,b ta co yjl + a + Vl + b > 1 + y/l + a + b 

Ta co (l) 2 + a + b + 2^^+~a^(Y+~b ^>2 + a + b + 2-v/l + a + b yjl + a + b + ab >yjl + a + b , luon dung 

Dau bang xay ra khi va chi khi a = 0 hoac b = 0. 

Ap dung (1) ta co 5 = Vl + x 2 + yfl + 2y + yjl + 2z > 1 + ^2 + x 2 + 2y + y/l + 2z 

Suy ra x 2 + 2y + 2z < 8, hay y + z < 4 - . Suy ra P < 2x 3 + (y + z) 3 < 2x 3 + ^4 - j ,0 < x < 2yf2 

Xethamso /(x) = 2x 3 +(^4-^-1 ,0<x<2yf2 


Taco / '(x) = 6x 2 - 3xf 4 - — j =-x(x-2)[x(l2-x 2 ) + 2(l6-x : 


'/’(*)=° 
(05272)^ 


Taco /(0) = 64;/(2) = 24;/(2V2) = 32V2. Suyra /(x)<64,Vxe[0;2>/2]. 


Suy ra P< 64, dau bang xay ra khi x = y = 0, z = 4 hoac x = z = 0,y = 4. 
Vay maxP = 64khi x = y =0,z =4hoac x = z = 0,y = 4 


Bai 20: Xet cac so thuc a,b,c thoa man a + b + c = 0;a + l>0;Z? + l>0;2c + l>0 . Tim gia tri lbn 

nhat cua bieu thuc P = — 4 —-— 
a 4 -1 Z? 4-1 2c 4-1 


Bai siai 


a +1 b 4-1 2c 4-1 


1 - 1 -a l + b 

f 4 + 1 1 

_ 5 

J 4 + 1 1 

[a + b + 2 4c + 2J 

~ 2 

U-c 4c + 2j 
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Xet ham so f(c) = —— + —-— voi -- < c < 2 
V ’ 2 — c 4c+ 2 2 


>f'( c ) = 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

1 

voi — < c < * 

2 

4(l5c 2 +20c) 


(2 -c)~ (4c + 2)‘ (c-2) (4c + 2) 


Y ;/'(c) = 0<^c = 0^/(c)>/(0) = ^ 


=>P< 5 - 5 -=o 
2 2 


Vay gia tri nho nhat cua P la 0, xay ra khi a = b = c = 0 
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§8: BAT DANG THUt Stf DUNG PHU'O'NG PHAP THE 


Bai 1: Cho ba so duong x, y, z thoa man x + y + z = 1 . Tim gia tri nho nhat cua bieu thuc 

_ x + y y+z z + x 


yjxy + z yjyz + x yjzx + y 


Bai siai 

Taco x + y + z = \<=>x + y-\-z 

x+y _ 1 —z _ 1 -z _ y+z _ l-x _ l-x 

yjxy + z yJxy + l-x-y yj(l-x)(l-y) yjyz + x y}yz + \-y-z ^/(l-y)(l-z) 
Z + x _ 1-y _ 1-y 


yjzx+y y/zx + l-x-z yl(l-x)(l-z) 

-B- f - Li t 1-> ’ 

V( I_JC )( 1_Z ) 

Vay MinP = 3 khi x = y = z = ^ 


/?«/ 2: Cho cac so thyc duong x, y, z thoa man x > y;(x + z)(y +z) = 1 . Tim gia tri nho nhat cua 

, 14 4 

bieu thuc P = - 


(x-yf {x+zf (y+z) 2 


Biti siai 

1 1 i , a 2 -i 

a = x+ z^>y + z=—',x> y=> x+ z>y + z =>a>—^>a>l=>x-y=x + z-(y + z)= - 


Khi do P = - 


>/W = 7 

0 

>minP = /(2) = 12 


I——+ 4 a — -—+ 3 a"-\ — y + a >- 




2 -if 


- + 3a +4 


Xetham s6 f(t) = — t — + 3t + 4(t = a 2 )^ f'(t) = * \ +3;f'(t) = 0ot = 2 

W (t- 1) 2 1 (t-1) 3 W 


Z?at 3 : Cho a,b,c la cac so duong va a+b+c = 3. Tim gia tri ldn nhat cua bieu thuc: 
„ be ca ab 

P = —r =+ , — + , — • 

■\/3 a + bc y/3 b + ca V3c + ab 


Bai siai 
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be _ be _ be < be f 1 1 

sl3a+bc s ja(a + b + c) + bc a + b)(a + c ) 2 ya + b a + c J 

11 2 


i + b a + c <J(a + b)(a + c ) 


, dau dang thuc xay ra <=> b = c 


Tirong tu 
Suy ra P< 


f—+—] 

i v ab ^abl 

—1 

\_b + a b + cJ 

y/3c + ab 2 1 

yc+a c+b) 


bc + ca ab + bc ab + ca _ a+ b + c _3 
2(a+b) + 2(c + a) + 2(b + c) ~ 2 _ 2’ 


Dang thuc xay ra khi va chi khi a = b = c = l.Vay max P = — khi a = b = c = 1. 


Bai 4 : Gia sn x, y, z la cac so thuc duong thoa man x > y va xy + (x + y)z + z 2 = 1. Tim gia tri nho nhat 
1 1 1 


cua bieu thuc P = 


4 (x-y) 2 (x + zf (y + zf 


Bai giai 

Bat x + z = a. tir gia thuyet bai toan ta co ( x + z)(y + z) = 1, hay y + z = —. 

a 

Do x > y nen x + z > y + z. suy ra a > 1. 

„ , , 1 a 2 -l 

Tacox-y = x + z-(y + z)= a — =-. 

a a 


Khi do P = - 


1 


4(a -1) a 


- + — + a=- 


4(a 2 -ir 4 


f a 2 1 
+ \ — + — 
^4 a 


2(a -1) 4 


+ ^ + i(D 


Bat a 2 = t > 1. xet ham so fit) = —-— T + — +1 vdi t > 1. 

4(f -1) 4 

Ta co / \t) = + -; / \t) = 0 <=> (r - 2)(3t 2 -3t + 2) = 0ot = 2 

4(t-l) 3 4 

Diravao BBT taco/(0^3 vdi moi t> 1 (2) 

Tu (1) va (2) suy raP>3, dau dang thuc xay rakhix + z = y/2, y + z = -^ 
Vay gia tri nhd nhat cua P la 3 


"V2 


Bai 5 : Cho ba so duong a,b,c thay doi va thoa man a+b+c = 2. Tim GTLN cua bieu thuc 

S=, P*C + 

\ ab +2c \bc + 2a \ca + 2b 


Bai giai 


1 Gb ~ , 

| ab _ j 

1 <*> A\ 

f j^+JJS 

1 ab +2c ]j 

ab + [a+b + c)c V 

( a + c){b + c ) 2l 

ya+c b+cJ 


Dang thuc xay ra khi va chi khi-=- 

a+c b+c 
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x a. A ^ 1 (a + b b + c c + a \ 

Cong cac ve ta dirge S < - -+-+- = 


Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 


1 bc <! 

(J- + ^- 4 

I ca ± l ( c \ a ) 

\Jbc + 2a 2 

\b+a c+a)’ 

\ca + 2b 2yc + b a + b) 


2l a+b b+c c+a 


Dang thiic xay ra khi va chi khi a=b-c = — 

„ 3 2 

Vay 5^ =-ox=y = z = - 


Bai 6: Cho cac so there duong x, y, z thoa man x 2 + y 2 +z 2 =2x . Tim gia tri Ion nhat cua bieu thu'c 

p_ X + Z _ z 4x 2 

x + 2y + l y +1 (jc + y) 2 

Bai giai 

Ta se chiing minh — x + z — < —*— That vay 
x + 2y+ 1 x + y 

<z>xz + yz <x+xy <=> 2x + 2xy - 2xz - 2yz > 0<^>x 2 +y 2 +z 2 + 2cy - 2cz - tyz > 0» £ +y -z ) 2 > 0 

Tirong ty ta chiing minh dirge —< * => P < — 4( * ) 2 < — 

y+1 x+y x + y x+y 4 

Vay P max = - <=> (x, y, z) =(—, —, —) 
ma * 4 7 13 13 13 
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§9: BAT DANG THU’C MINCOPXKY 

W_ J 


Bai 1: Cho ba so thyc duong x;y;z thoa man: xyz = 3. Tim gia tri nho nhat ciia bieu thuc: 

P = yjlog 2 3 x + l + yl\ogly + l + ^\oglz + l 

Bai giai 

Trong mp(Oxy), goi a = (log 3 v;l ),b = (log 3 y;l),c = (log 3 z;l) va n = a +b +c => n = (1;3) 

Ta co: \a\ + |£j + \c\ > |a + b + c | => ■ N /log^x + l + yjlog 2 y +1 + ^/log 3 z +1 > Vl 2 + 3 2 

=^P> yjlO , dau = xay ra khi ba vecto a, b, c cimg hudng va ket hop dieu kien de bai ta dugc 

x=y = z = yl 3 

Vay min P = J\0 khix = y = z = tfi 

Bai 2 : Cho cac so thyc x,y, z thay doi. Tim gia tri nho nhat cua bieu thuc 
P = Jx + y — 2y +1 + yjy + z — 2 z +1 + yfz + x — 'lx +1 

Bai giai 

Taco P = -Jx 2 +(1- y) 2 +yjy 2 +(l-z) 2 + ylz 2 +(l-xf 

Vi a 2 +b 2 > — (a + b) 2 nen P > -j=(|x + l- y\ + |y + 1- z\ + |z +l-x|) 

2 V2 

va |a| + |fc| + |c |>\a + b + c\ nen P>^|x + l-y + y + l-z + z + l-v| = ^^- 
v2 2 

Dau "=" xay ra <^> x = y = z = ^-. Vay min P = ~~ khi x = y = z = ^. 

Bai 3 : Cho x, y la cac so thyc thay doi. Tim gia tri nho nhat cua bieu thuc 
P = yjx 2 + y 2 +2x + l + yjx 2 + y 2 -2x + l + |y-2| 

Bai siai 

Xet cac diem M(x-l;-y),iV(;c+l;y) 

Taco OM+ON>MN o^j(x-l) 2 +y 2 +J(x+l) 2 + y 2 >^4 + 4 y 2 =2^1 + y 2 
Do do f(y) = 2 3 Jl + y 2 +\y-2\<P 


Voi y^2=>/(y) = 2^1+y 2 + (2 — y)=>/'(y) 



-1 
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Khi do f(y) = 0o2y = ^l + y 2 2 «■ y = ^ 

[4y 2 = y 2 +l 3 

Voi y>2^f(y) = 2yjl + f+\y-2\>2yli+f>2yf5>2 + yf3 

rr 

Vay P > 2 + yf3 vai moi x, y. Khi x = 0 va y = — thi P = 2 + >j3 

J3 

Do do P nho nhat bang 2 + V3 , khi x = 0 va y = 


Bai 4: Cho x, y la cac so thyc khong am thoa man yj2x 2 + 3xy + Ay 2 + ^2y 2 + 3xy + Ax 2 - 3(x + yf < 0 
Tim GTNN cua P: 2(x 3 + y 3 ) + 2(x 2 + y 2 ) -xy + yjx 2 +1 + yjy 2 +1 


Taco: yj2x 2 +3xy + Ay 2 + ^2 y 2 + 3xy + Ax 2 


Bai giai 


Dau bang xay ra khi x = y> 0. Dat x + y = t ta co | ? > J _ ^ <=> > ^ (*) 

Taco P = 2t 3 +21 2 -xy(6t + 5) + x 2 + l+yjy 2 +1 


P > 2r 3 + 2r - - (6t + 5) + Vx" + 4 AP > 2r 3 + 2 1 2 + Ayjx 2 +4 = /(f) 

4 


Xet ham s6 f(t) = 2 1 3 + 21 2 + A^jx 2 +4 tren (*), f' ( t ) = 6t 2 +6t + - 


Vdi moi t thoa man (*). Suy ra f(t) > {/(0); /(1)} = /(0) = 8 

Bai 5: Cho cac so thyc x,y,z thoa man yj5x 2 +2xy + 2y 2 + y/Sx 2 +Axz + 5z 2 = 4x + y + 2z va * e [0;5] .Tim 
GTNN-GTLN : P = y]2z + 21-xy -<Jx + z+10-xy 

Bai giai 

Ta co yj5x 2 + 2xy + 2y 2 + \JSx 2 +Axz + 5 z 2 = 4x + y + 2 z = yj(2x + y) 2 + (v — y) 2 + yj(2x + 2z) 2 + (2x — z) 2 
=>4x+y + 2z>\2x+y\ + \2x+2z\>4x + y + 2z 
\x=y 

r 7 = % 

Dau dang thuc xay ra khi: \ 

& J 2x + j>0 

[2x+2z>0 

=^P = yjAx + 21-x 2 +yl3x + 10-x 2 vdi xe[0;5] 

Xet ham so f(x) = J4 x + 21^xF + VSkt + lO^x 3 " vai xg[0;5] Ta tim duoc max-min 
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Bai 6: Cho cac so thyc dirong x, y, z thoa man x 2 + y 2 + z 2 = 3. Tim gia tri nho nhat ciia bieu thuc 

2 . Ix + y + z 




Bai giai 

'x+y + z 



'£±Z±| a l 18+ [_» 

2 xy + z V l^x+y + z 



SuyraP > /18 + 


Bat t = x+ y+ z,0 <t <^(x 2 + y 2 + z 2 ) = 3. Khi do P>J 18 + -r + 

Xethamso f(t) = Jl8 + ^ + ,/^vdi 0<r<3. Taco /'(t) = — ^ —54 ^3 . ^<q s v dimoi 

V t \ 3 2j3t 2 y/2t 2 +9 

0 < f < 3.Suy ra /(t) >/(3) = 1+3^3 . 

Suy ra gia tri nho nhat cua P lal + 3yf3 , dat khi x = y = z =1. 
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§10: BAT DANG THUt CO GIA THIET DONG BAC 

■__ j 



Bai sidi 

Ta co 3(x 2 + y 2 + z 2 ) = 2(xy + 19yz + xz) <=> 2(xy + 16 yz + xz) = 3x 2 + 3(y - z) 2 > 3x 2 
=> 3x 2 < 2x(y + z) + 32 yz < 2x(y + z) + 8(y + z) 2 => x < 2(y + z ) 

9 x 1 1 

=> - J - y - y ^ - ~ - 

(x+y + z) 4 (y +Z ) (y + z) y + z 

(y + z) 4 

17( y + z ) > 17(- 1 —/——) > 17 (—— (x +y ) -) > 17(-4-_) 

x +z x +y y(x +z ) z(x +y ) x (y + z) + yz(y + z) 1(y i -) 3 i ^ + Z ' ) 

4 

=> 17(—— 7 + / )> y + z=> P> y + z +—-— 

x +z x +y~ (y + z)y + z 

= z±£+z±E+—!_+!(_!——=1 

2 2 2 (y + z) 2 2 y + z 2 2 

Bai 2 : Cho x, y, z la cac so thyc duong thoa man 5(x 2 + y 2 + z 2 ) = 9(xy + 2 yz + zx ) 

' 9 X 1 

Tim gia tri ldn nhat cua bieu there: P = —---- 

y+z (x + y + z) 

Bai sidi 

Bat a = x, b = 2y, c = 3z (a,b,c la cac so duong thoa man a + b + c = 1) 

Tim gia tri Ion nhat cua bieu there P = 5(a 2 +b 2 +c 2 )- 6(a 3 + b 3 +c 3 ) 

P = 5 [a 2 +(b + c f - 2be] - 6[a 3 +(b + c) 3 - 3bc(b + c)]= 2(4 - 9 a)bc - 8 a 2 + 8 a -1 

Dat 0<t=bc< (Z? + C) = (1 ~ a) . Xet P(t) = 2(4-9a)f- 8 a 2 + 8 a-1 
4 4 

4 79 

+) a = — => P(t) = — (1) 

9 81 

4 , , r 

+) a + - ,P(t) la ham so bac nhat doi voi t. 

Ta co P(0) = 1 - 2(2a -1) 2 < 1 ; p [ ^~^ j = <j (2) 
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Tren (0, 


(1 -flf 


. Ham so luon dong bien hoac nghich bien. 


Tir (1) va (2), suy ra GTLN cua P(t) tren (0, 


(1 -aY 


] nho hon hoac bang 1. 


Suy ra GTLN cua P(t) la 1 khi a = b = c = ^ 

Suy ra GTLN cua P la 1 khi jc = -;y = -;z = - 
3 6 9 


Bed 3: Cho cac so thuc duong x, y, z thoa man 5 (4x 2 + y 2 + z 2 ) = 18 (xy + yz + zx ). 

2 


Tim gia tri Ion nhat cua bieu thuc P = 


y 2 +z 2 (2 x+y+zf 


Bai giai 

Ta co 5{Ax 2 + y 2 + z 2 ) = 18(xy+yz + zx) 

<=> 5 (2x + y + z) 2 = 18 (xy + yz + zx) +10 (2xy + yz + 2zx) 

<=> 5(2x+ y + z) 2 =38x(y + z) + 28yz<38x(y + z) + 7(y + z) 2 

<£»5f —* +ll < ^ X +1 o X <l<^>x<y + z (Do y + z >0). 
l^y + z ) y + z y + z 

Mat khac ta co (y + z) 2 <2(y 2 +z 2 )<=> y 2 + z 2 >^-(y + z) 2 


Bat t = y + z> 0. Khi do P < — 


(y + z) 2 ( 2 (> ; + ^) + > ; + ^) ;V + Z 27 (y + z) 1 21t 3 


Xethamso f(t) = -—~ voi ?>0.Taco = + 

w t 27t 3 w t 2 9 t A 

Voi t> 0, /'(f) = 0o9f z -l = 0oi = |. 

Bang bien thien 

1 

0 3 +0 ° 


f(t) 



f(t) 


Taco x = -,y = z = — thoa man dieu kien bai toan va khi do P = 4. 
3 6 


Vay gia tri Ion nhat cua P bang 4. 
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Bai 4: Gia sir x, y, z la cac so thyc khong am thoa man 5(x 2 + y 2 + z 2 ) = 6(xy + yz + zx). Tim gia tri Ion nhat 
cua bieu thuc P = y/2(x+y + z ) -( y 2 + z 2 ) 

Bai giai 

Ta co 5 x 2 + ^-(y + z) 2 <5x 2 +5 (y 2 +z 2 ) = 6(xy+ yz + zx)< 6x(y + z) + 6.^(y + z) 2 


Do do 5x 2 - 6x(y + z) + (y+ z) 2 < 0, hay - x<y + z 

Suy ra x + y + z < 2(y + z) 

Khi doP < yj2(x +y+ z)-^(y + z) 2 <yj4(y + z)-^(y + z) 2 = 2^71-^(y + z) 2 


Bat y/y + z =t, khi dor>0 va P<2t-— (1) 

Xethamso f(t) = 2t-^t 4 vdi t> 0. 

Ta co f'(t) = 2-2t 3 ; f'(t) = 0ot = l 

, 3 

Dira vao bang bien thien ta co f(t) <f( X) = - voi moi t > 0 (2) 

'xmy + z 
3 

Tir (1) va (2) ta co P< — , dau dang there xay ra khi y = z <=> 

y+z = l 



1 

2 


, 3 1 

Vay gia tri Ion nhat ciia P la -, dat diro'c khi x = 1, y = z = - 

Bai 5: Cho x,y,z>0,x 2 + y 2 + z 2 =xy + xz+l0yz . 

3x 3 

Tim gia tri nho nhat cua P = 8 xyz —5 - 7 

y +z 

Bai siai 

Cach 1 

8(x 2 + y~ + z 2 ) = 8xy + 8xz + 80yz ^ x 2 + 16y 2 + x 2 + 16z 2 + 40y 2 + 40z 2 => x 2 < 8y 2 + 8z 2 
12 yz = x 2 +(y + z) 2 -x(y + z) 

12yz = i x 2 - x(y + z) + (y+ zf +1x 2 = ^ ■- y - z j 1x 2 > |x 2 => x 2 < 16yz 
=> P > y~24x = f(x) =>/'(*) = 0 <=> x 2 = 16 


Min/(x) = /(4) = -64 
Khi x = 4 , y = z = 1 

Cach 2 
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x 2 + y 2 + z 2 = xy + xz + 10yz=>(y + z) 2 +x 2 = xy + xz + \6yz 
= x(y + z) + l6yz<x(y + z) + 3(y + z) 2 ^x 2 -x(y + z)-2(y + z) 2 <0 

=> ——— e [-1,2], x, y, z > 0 

y + z 

^x<2(y + z)<2<j2(y 2 + z 2 )^x 2 <$(y 2 + z 2 )^y 2 + z 2 >Y 

12 yz = x 2 -x(y + z) + (y + z) 2 => x2<16yz 
x 3 

=> P > — - 24x = /(x) => / '(x) = 0o x 2 =16 
Min/(x) = /(4) = -64 
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§10: BAT DANG THUt DONG BAC 


Bai 1: Cho ab + bc = 2c 2 ,a<2c . Tim gia tri Ion nhat ciia P = 


a-b b-c c-a 


Bai giai 


Dat 


P = - 


1 


x-y y -1 1-y 

xy + y = 2 

,<I 


xy + y = 2=> 


L 3y 2 + 8y-4 

j y 2y 2 + 2y - 4 

- = x + l<-=>y>-(l) 

[y 2 y 3 


3y 2 +Sy-4 27 —(3y — 4)(13y + 22) _ 27 2a =c 

T - — U -7^ L - S-7^ 'S 

2y 2 +2y-4 5 5(y-l)(2y + 4) 5 [3b = 4c 


Bai 2: Cho cac so dirong x, y, z thoa mai a > y va (x + z)(x + y) = 1. Tim GTNN ciia bieu there: 
D 1 4 4 

(x-y) (x + z) (y + z) 


Bai giai 

Dat x + z = a. Tu gia thiet ta co (x + z)(y + z) = 1 suy ra y + z = — 


Do x > y = 


h z => a > 1 


Taco x-y = x+z-(y + z) = a~ — = ——- 


(a 2 -!) 2 a 2 


(a 2 -If 


- + 3a” + a” H—— 


Khido P> f + 3a 2 + 4 

(a 2 -l) 2 

Dat t = a 2 >l.Xethamso /(f) =— t -^- + 3t + 4 voit> 1 
(t-lf 

Ta co f'(t) = ~ * + 3 => f '(0 = 0 <=> it -2)(3 1 2 -3f + 2)=0^f = 2 
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Tu bang bien thien co fit) > 12, \ft > 1. Tir (1) va (2) P> 12. Bat dang thu'c xay ra khi va chi khi 


Z = y[2 


y + Z 4 


1 . Chang han khi 


: = l;z = y/2-1 
y = -L -4 + 1 = 1- -L 

4 4 


Bed 3: Cho cac so thyc x, y duong thoa man x - y + 1 <0 
Tim gia tri Ion nhat cua bieu thuc T = x . +3y - 2x + y , 

V^+7 5x+5 y 


Taco x< y-l=>0<4< A. = <- 

y 2 y y 2 4 {y 2 ) 4 

Bat t = Ar^>0<t<- (0.25d) 
y 4 


Bed giai 

1 

4 


4 + 3 2.4 + 1 

y i y 


fit)-- 


7 ) +1 

1-3 t 1 1 


_ r/\ t + 3 1 2? + 1 ,. 1 

> T = f(t ) = —. vo'i 0 < t < — 

*4+1 5 1 + 1 4 


4 2 +l) 3 5 (t + 1) 2 


Nhanxet: 0< t < - ==>l-3r > -\J(t 2 +1) 3 < Jf —) =—J^=> 1 3t > 4 

4 4 VV16/ 16 V16 4 2 +i) 3 IW 

V16 


—-—-> ——.Do do /'(*)>—-*=-->() 


5 (r +1) 


17 5 


Tu do f(t) dong bien Vt e ^0; Aj => f(t) < f ^ = -A= - A- 

Bap so: max , ,-T = ^fL- — ot = -ox = l;y = 2 
4§ 47 25 4 


4: Cho a, b, c la cac so thuc khong dong thoi bang 0 va thoa man: 
(a + b + c) 2 = 2(a 2 +b 2 + c 2 ). Tim GTLN, GTNN cua bieu thuc: P = 


a +b + c 


(i a + b + c)(ab +bc + ca) 


Bcti giai 

Gia su x *0 dat x = —,y = Tu gia thiet ta co (jc + y + 1) 2 = 2(x 2 + y 2 +1) (0.25d) 























Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

=> 4 xy = (x + y ) 2 - 2(x + y) + 1. Bat u = x + y; v = xy thi 4v = u 2 - 2u +1 < u 2 

=> u > — 

2 

P = -— ^ 3 +/ +1 = « 3 + 6^-3 M + 4 = 1 + 3 («-i)l (025d) 


(x + y + l)(xy + x + y) (u+ 1) 


(« + 1) 3 


Xet ham so f(u ) = ——xac dinh tren I — ;+qo I (0.25d) 




(u+iy 


■G- 


Tren | 2-;+oo ] ta tim duoc min f(u) = f(l) = 0 va max/(a) = f(^) = /(5) = 


Vay min P = 1 chang han khi a = 0,b = c + 0, max P = — chang han khi 
Bai 5: Cho cac so thuc duong x, y, z thoa man x 2 + y 2 < — . Tim gia tri nho nhat cua bieu there 

P , (x U/^)[L + ± + ±' 


Bai giai 


Taco: P > (2x 2 y 2 + z 4 )(— T + — ) = 5 + 2(^- + - , „ 

x y z z 256 x y~ 128x“y' 


t) + t 


>5 + 4, 


4.255z 4 >5 | 1 [ 4.255.4 _ 297 


256 128(x 2 + y 2 ) 2 


Vay p = —<^>;c = y = - 
”” 8 2 


Bai 6: Cho cac so there dirang a,b,c .Tim GTNN cua P = 


12a 3 + 9b 3 + 6c 3 -9b 2 c 
4 (a + b + c) 3 


Bai giai 

Ta co 3 b 3 + 3 b 3 + 3c 3 > 9b 2 c => 12 a 3 + 9b 3 + 6c 3 - 9b 2 c > 12 a 3 + 3 b 3 + 3c 3 

Ta se chung minh 25(12a 3 + 3 b 3 + 3c 3 ) > 12 (a+b + c) 3 . That vay,BBT tuong duong : 

9[(2a) 3 +b 3 -2aZ?(2a+Z?)]+9[(2a) 3 +c 3 -2ac(2a + c)] 

+3(8a 3 + b 3 + b 3 - 6ah 2 ) + 3(8a 3 + c 3 + c 3 - 6 ac 2 ) + 36 [& 3 + c 3 - bc(b + c) J +12 [8a 3 +b 3 +c 3 - 6aZ?c] > 0 

12 3 3 

=> P >-= — . Vay P.= — <^b = c = 2a 

25.4 25 ‘ 25 


Bai 7: Cho cac so there duong a,b,c thoa man a+b + c = 9 . Tim GTNN cua 

■sj(a* + b 4 )(a 2 +b 2 ) 
a 4 b 4 c 




Bai giai 
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Taco: 

<J(a + b 4 ){a 2 +b 2 ) _ l4(a 4 + b 4 ) 2 (a 2 +b 2 ) 2 

\ abc 


>p>X- 


\abc(a 4 + b 4 )(a 2 +b 2 ) 


L ? i CO : 2> 4 + b‘)\a- +b y> J 

- p^y {a+b)2 {a+b)2 ^ a + b+c ^ 2 _ 54 

^ 2s[abc ^ 2^27 6^27 ^3 

Vay P. -<=>a = b = c = 3 

V3 _ 

Bai 8 : Cho ba so thyc dirong a,b,c. Tim gia tri Ion nhat ciia bieu thuc 

abc[a + b + c + ^a 2 + b 2 +c 2 j 
(a 2 +b 2 +c 2 ^(ab + bc + ca) 


Bai giai 

Voi cac so thyc a,b,c duong, ta luon co bdt dung: 

(a-b) 2 +(b-c f +(c-a) 2 >0<=> a 2 +b 2 + c 2 > ab+bc+ca <=> 3 (a 2 +b 2 +c 2 ) 
>(a-b+c) 2 =>a+b+c<*j3(a 2 +b 2 +c 2 )(1) 

Do (1) nen: 

abc(a+b + c + yja 2 +b 2 + c 2 ) abc(l+*j3 )\l a 2 +b 2 + c 2 _ 


( a 2 +b 2 + z 2 )(xy + yz + zx) (x 2 + y 2 + z 2 )(ab + bc+ ca) 
_ abc(l + y/3 ) _ 

( ab + be + ca )yja 2 +b 2 + c 2 
Mat khac theo bdt Cauchy: 

ab+bc + ca> 3\]a 2 b 2 c 2 (3)va Ja 2 +b 2 +c 2 > ^l/^bV = yf3&fa(4) 

1 ^ 1 


Tu (3) va (4) duoc: 


Do (5) nen (2) suy ra T < 


( ab+be + ca )ja 2 +b 2 + c 2 3yf3abc 
abcjl+S) 3 + n /3 


(5) 


3\j3abc 


3 + J3 


Dang thuc chi xay ra khi a=b=c. vay T max = —-— dat duoc khi a=b=c 


Bai 9: Gia su x, y la cac so thyc duong thoa man x + y< 2. Tim gia tri Ion nhat cua bieu thuc 
P = 7 (x + 2y ) - 4^1 x 2 + 2xy + 8y 2 


Bai giai 
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Vi x, y la cac so thuc duong nen 


p = (. r+ y)f 7 < X+2y )- 4 ^ + 2 ^ + 8y2 -l = ^ +y )f 7 + 7y - 4 ^ +2j:, ’ + 8yi 

I *+? 


( 1 ) 


Bat t = — ,t> 0 khi do 


7 y - 4^x 2 + 2xy + Sy 2 _ 7 - 4y/t 2 +2t + S 


( 2 ) 


Xet ham s6 = - 4 ^ +2 ' + 8 v git>0 


Taco /'(()=^i- + p +8 + 28 ;/'(() = 0c>V> 2 + 2( + 8=4Qt = 2 

U (, + lfV» 2 + 2( + 8 U 

Tii' bang bien thien ta suy ra / (t) < -3 voi moi t > 0. 

Dau dang thuc xay ra khi va chi khi t = 2 

Tir (1), (2) va (3) ta suy ra P < (x + y)(7 -3) < 8, dau dang thuc xay ra khi va chi khi 
x+y = 2 

4 2 , 4 2 

x <=> x = y = -. Vay gia tri Ion nhat cua P la 8, dat khi x = y = - 


Bai 10: Cho cac so thuc duong x, y thoa man dieu kien: xy + \<y. Tim gia tri Ion nhat cua bieu thuc: 

p __ xA-y _ 2y — x. 


Jx 2 -xy + 3y 2 6(x+y) 


Bai giai 

Do x>0,y>0,xy<y-l nen 0 < —= = -i] 


, 1 


y y~ 4 2 

r+l t — 2 t+1 


1 


1 


Dat t = — => 0 < t < -. Khi do P - -- , ■ T 

y 4 Jt 2 -t + 3 6t + 6 yjr-t + 3 6 2(f + l) 

l-3t 1 


Taco: P'(r) = - 


2 yJ(t 2 -2 + 3 f 2 ( t + l Y 

Vi 0<f<^-=>f 2 -f + 3 = f(V-l) + 3<3;7-3f>6;f + l>l, do do 

l~3t 1— 3t 1 -1 1 n , / \ 1 1 rv 

2 j(t 2 -t + 3 f ^ 2(t + l) 2 2 ^ 2 

Vay P(t) dong bien tren |^0;^-j,suyra = + 

Khi x = -;;y = 2 thitaco P = — + — =>MaxP = — + — x = -;y = 2 

2 3 30 3 30 2 ’ 
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, , 4 2 c^\ b ( c'i 

3ai 11: Cho ba so thuc duong a, b, c thoa man dieu kien — 1 + — + - 1 + - =6 . 

bl bj a^ aj 


Tim gia tri nho nhat cua bieu thuc: P = 


be 


2 ca 2ab 


a(b + 2c) b(c + a) c(2a + b) 


Bai giai 

2 4 1 

Bat x = —, y = —, z = - (x, y, z > 0). 
a b c 

Bieu kien da cho tro thanh: X +y + l(— + — 1 = 6 (*) 
xyz ^y x) 

Ta co: x 3 + y 3 > va (x + y ) 2 > 4xy 


Bo do: 

xyz 4xyz 4xyz z 

Matkhac > 2 nen 6 = ^ + 2 |T=>0<i±I<2. 
y x xyz yy xj 


Taco: P = - 


4z 


4z 


y + 2z 2z + x x + y xy + 2zx 2yz + xy x + y 
(x + y) 2 | 4z ^ (x + y) 2 | 4z _ 2(x + y) | 4z 

x + y x + y + 4z x + y 


2 xy + 2z(x + y) x + y ( x + y)~ 


+ 2z(x + y) 


Suyra: P> 


x + y 


x+y x+y 


Bat t = ^-, 0 <t< 2 . Taco P>^ + -. 
z t + 4 t 

Xet ham so f (t) = —— + - (0 < t < 2 ). 
t + 4 t 

f '(t) = ;— 8t < 0, Vt e (0;2] => f(t) nghich bien tren (0 ; 2]. 

t 2 (t +4 ) 2 

Suyra: P>f(t)>f( 2 ) = -. 


P = -<=>< x + y ^<^x = y = z<=>2a = b = 4c 


Vay gia tri nho nhat cua P la -, khi 2a = b = 4c. 

I Bai 12: Cho a.b.c la cac s 6 thuc duong. Tim gia tri nho nhat cua bieu thuc: 
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p a + 3c | 4 b 

8 c 

a + 2b + c a + b + 2c 

a + b + 3c 


Bai siai 


1 x = a + 2b+c \a = -x + 5y-3z 

y = a + b + 2co\b = x-2y + z 
z = a+b+3c [c = -y + z 

Do do ta can tim gia tri nho nhat cua 
p _ -x+2y | 4x-Sy + 4z -8y + 8z _ 
x y z 

P>2l**JZ + 2 -17 = 12^2-17; 

V y x V z y 

Dang thuc xay ra khi b = (l+yf2 > ja,c = (4+ 3>/2 ja 
Vay GTNN cua P la 12^2-17. 


(f?) 


Sy + 4z 
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Bai giai 

Bat x = -, y = -, z = — x, y , z> 0, 2x + 8y + 21z<12xyz va S = x + 2y + 3z . 
a b c 

2x + 8y 
" 12xy — 21 
7 


2x + 8y + 21z<12xyz => z(12xy - 21 ) > 2x + 8y - 

2x + 8 y 


2x + 8 y 
~12xy-2 1 = 


12 xy -21 > 0 I x > — 

l 4 y 


Ta co: S >x + 2y + 


4xy -7 


Xet ham so f(x) = x + 2y + + tren | — 


Axy-1 


&-) 


/'(*) = 1- 


14 + 32y 2 „ 7 J32/ + 14 f 7 

-^ = 00* =— + J—2-<=l — 

(4xy-7)“ 4y Ay 


(H 


Lap bang bien thien cho ham so y = f(x) ta co: 


I 4y 4y I 4y 4y 


Xet ham so g(y) = 2y + — + ^ ^ y +14 tren ( 0 ;+oo) 

4y 4y v ' 


(8y 2 -9)J32y 2 +14-28 5 / 

s'OO- 1 - 77 2 -= 0^y = -e 0;W) 

4y 2 y32y 2 +14 4 

Lap bang bien thien cho ham so z = g(y) ta co: 5 > g(y) > g = y 


. c 15 ,, . 1,4 3 

2 3 5 2 

Bai 2 : Xet cac so drrong x, y, z thoa man dieu kien 2(x + y) + 7z =xyz. 
Tim gia tri nho nhat cua bieu thiic S = 2x + y + 2z 

Bai giai 

Ta co: 2(x+ y) = z(xy - 7). Do x, y, z la cac so drrong nen xy - 7 > 0. 
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Khi do , tu gia thiet ta diroc z = 2( ~* + y ^ (0.25d) 
xy-1 

Suy ra: S = /(x; y) = 2x+y + + ^ vdi dieu kien x > 0, y > 0, xy > 7 (*) 

xy-1 

Vdi moi x co dinh, xet dao ham cua ham so f(x;y) theo an y ta duoc: 

/(x;y) = i + 4 ( ^- 7 ) -4_x(x + y ) =i-l 8 + 4 x 2 


(xy-1) 2 


(xy-1) 


f' ( X ;y) = 0ox 2 y 2 -14xy + 21-4x 2 =Ooy 0 =- + 2jl + ^r 

x \ x~ 

Suy ra : f(x; y 0 ) = 2 x + — + 4.1 + (0.25d) 

x x 

Xet ham so: g(x) = 2x + — + 4 1 + voi x > 0 vdi g 1 (x) = 2 - - 


g (x) = 0 o x = 3 


Khi do g(x) > g( 3) <=> g(x) > 15 (0.25d) 

Vdi dieu kien (*), ta co S > f(x; y 0 ) = g(x) > 15 (0.25d) 
Vay minS = 15 khi x = 3, y = 5, z = 2 


Bai 3: Cho x, y, z > 0 ;x 2 + y 2 + z 2 = 2. 

TimGTNN P- X +yz i y + Z 

1 +yz 

x 2 + yz + x + l x + y + z + 1 

9 


Bat P = f(yz) => f (yz) = 


Bai giai 

(x 2 + yz + x + l) 2 9 { 2 J [ 2 


>P<- 


2-x 
2 


2-x , x+y+z+1 

h-+ x + l 

2 


Bat g(y + z) 

Tom lai: P < 


--— ~ v + z => g'(y + z) = - — X + 1 ~2 ~ > o g(y + z)< g\ +i| = g[^—^+i 

X + y + z + 1 (x+y + z+1)" ^2 J ^ 2 


x +2x + 4 2x + 6 -x 


^ 17 x 2 +2 4-x 2 4 —x 2 17 -x(x 5 + 9x 3 - 20x 2 + 30x + 204) „ 

Xet hieu: Q -= —-+-—-= —-— --—4 < o voi moi 

' 18 x 2 + 2x + 4 2x + 6 - x 2 18 18 18(x 2 +2x + 4)(2x + 6-x 2 ) 


17 
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, , (\ 2 3 i , 

Bai 4: Cho cac so thuc duong a,b,c thoa (3a + 2b + c)\ - + - + - =30 . Tim gia tri Ion nhat cua bieu 

[a b c) 


b + 2c-l'jl2a 2 +c 2 


Bai giai 


Bat b = xa,c = ya => x,y > 0 . Gia thiet bai toan tro thanh (3 + 2 x+ y)|\ + - + —j = 30 


6 9 6x 2y x 3x , w ^ 

<=> 20 — 2x H 1- y H-1-1-— —i-H —i—, 

x y y x 2 2y ' - ^ 

>l + ^ +6+6+6sx + ^< 4= , x <^ 

2 2y y y + 3 

Taco P = x + 2y-7^72+y 2 < -^-^ + 2y-1 ^12+ y 2 = f( y) 

Xet ham s6 f(y) voi y>0, ta co: 

rv » 12 , „ 7y , t 24 504 

f(y) = -rj + 2 — . va f (y ) = — 


(y+3) 2 JnTy 


(y +i f ^( 72 +fj 


r < 0, Vy > 0 


Suy ra f(y) la ham dong bien tren (0;+qo) va' / '( 3 ) = 0 => f(y) = 0<^y = 3 
Lap bang bien thien ta suy ra f(y )< / (3) = -55 hay P < -55 
Dangtherexayrakhi y =3,x = 2<^>b = 2a,c = 3 a .VaymaxP=-55 
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Bai giai 

Ta C 6 : (a - b)(b - c)(c - a)(ab + bc + ca) > -4 b)(b - c)(c - a)(ab + bc + ca) < 4(*) 

Bat ve trai cua (*) la 0 

Neu ab + be + ca < 0 thi P < 0 suy ra BDT da duoc chung minh (0.25d) 

Neu ab + be + ca > 0, dat ab+bc + ca = x > 0 (0.25d) 

(a -b)(b-c)<( a ~ b + C ~ a '\ = (a ~ C)2 => (a -b)(b-c)(c - a) < (a ~ ( 1 ) (0.25d) 


J 4 4 

Ta co 4 (a 1 +b 2 + c 2 - ab-be-ca) = 2(a -c) 2 + 2(a -b) 2 + 2 (b -c ) 2 
> 2{a - cf + [(a -b) + (b- c)] = 2 (a - c ) 2 + (a - c) 2 = 3(a - cf 


Suy ra 4(5-x) > 3(a-c) 2 , tir day ta co x<5va a -c < J^(5-x) (2) (0.25d) 


Tir (1), (2) suy ra P <-U.^(5-x )] 3 = ^x^/( 5-x) 3 (3) 
Theo caai a ta co /(x) = x^(5-xf < 6y/3 voi x thuoc doan [0;5] 


2J3 

Nen suy ra P < -^-.6^3 => P < 4 


Bai 2: Cho ba so thuc a, b, c doi mot phan biet va thoa man cac dieu kien a + b + c = 1 va ab + be + ca 
> 0. Tim GTNN cua bieu thuc P = 2\ ' 41 ^ 


2 

2 

\(a-bf 

'Z' 


BBT: 


Bai giai 

2 l 2 J x y x+y ^ + y 


(Vx, y > 0) .Dau “=” xay ra khi x = y 


\a-b\ \b-c\ \c-a\ yfab + bcTca 

10 10 


Gia su a > b > c : P> 


20V2 


a-c 2 fab + bc + ca ^(1 - b)(l + 3b) 


Ta co: (1 - b)( 1 + 3b) = - (3 - 3b)(l + 3b) < - => P > 10>/6 
3 3 
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Bai 3: Cho cac so thyc a, b, c thoa man a>b>c va a 2 + b 2 + c 2 = 5. Chung minh rang: 
(a - b)(b - c)(c - a)(ab + be + be) > -4 


Bai gidi 

Ta co ( a-b)(b-c)(c-a)(ab+bc + ca)>-4<3-(a-b)(b-c)(a-c)(ab + bc + ac)<4 (*). 
Bat ve trai cua (*) la P 

Neu ab+bc + ca< 0 thi P < 0 suy ra BDT da duoc chu'ng minh 
Neu ab+bc + ca >0, dat ab + bc + ca = x >0 
a—b+b—c^\ (a-c) 


4 >(«-*)(/ ,-c)(a-c)<^>- 


(a-b)(b-c)<^— 

Ta co 4(a 2 +b 2 + c 2 - ab -be -ac'j = 2 (a -c ) 2 + 2(a -bf + 2[b-cf 

>2 (a-c ) 2 +[(a-Z?) + (Z?-c )] 2 = 2 (a-cf + (a-cf = 3 (a-cf 

Suy ra 4(5- x) > 3 (a-cf, tir day ta co x < 5 va a-c< ^(5-x) 

Tu (1), (2) suy ra P<^xJ ^(5-*) = ^,/(5 -*) 3 (3) 

Theo cau a ta co: /(x) = ^(5-xf <6>/3 voi x e [0;5]. 

2 J 3 

Nen suy ra P < —— ,6>/3 => P < 4. Vay (*) duoc chung minh 
Dau bang xay ra khi a = 2; b = l;c = 0 


( 1 ) 


( 2 ) 
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§13: PHU'O'NG PHAP LU'O’NG GIAC HOA VA VECTO 


«i_ J 

Bai 1: Cho ba so thyc duong x, y, z thoa man xy + yz + zx + xyz = 4. Chung minh r&ng 
3^= + -j= + J=j >(x + 2 )(y + 2 )(z + 2 ). 

Bai giai 

Tir gia thiet suy ra 0 < xy, yz, zx < 4 

Bat -Jzy = 2cos A, Vxz = 2 cosB, • N /xy = 2cosC, trong do A, B, C la cac goc nhon. 

Tu gia thiet suy ra 

cos * 2 A + cos 2 B + cos 2 C + 2 cos A cos B cos C = 1 <=> (cos C + cos(A - B))( cos C + cos(A + B)) - 0 
cos C + cos( A + B) = 0 


Suy ra A, B, C la ba goc nhon cua mot tarn giac. Ta co 
2 cos A cos B 2cosAcosC 2cosCcosB 

-;y =--— \x= 


cos C cosB 

3(cos A + cos B + cos C ) 2 
2 cos Acos B cosC 


cosA 
8 sin 2 A sin 2 B sin 2 C 
cos A cos 5 cos C 


> V3(l + 4sin —sin —sin —) >4sin AsinBsinC 
2 2 2 


1 

>- 

sinAsinBsinC 

1 


~ABC 
2 cos—cos—cos — 
2 2 2 


4 


f sinA+ sinB+sinC^) 

l 3 J 


A B cf 3^ 3^ >/3’ 

cos — + cos — + cos 

2 2 2 



Bai giai 


_ 2y[x -y/l-X +4 
\/x + \/l-X +2 


Tap xac dinh cua ham so la D = [0; l]. Bat 


T „. 2cos£-sin? + 4 ,, r. 

Khi do y = -= /(nvoi t 

cos t + sin t + 2 


i*i: 






























Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

a a/a 2cos?-sin? + 4 [ n 1 

xethamso /(?) =- vai te 0 ; — 

cos ? + sin ? + 2 2 j 

/'(?) =--— ^ C ° S? — 7 - < 0V? e 0; — vay ham so / (?) lien tuc va nghich bien tren doan 0; — 

(sin? + cos? + 2 ) L 2J ' ' ’ L 2 j 

Do do / (|) < / (/) < / (0) V< s (a, | j o 1 < / (/) < 2V( <= (o; | j 

Gia tri Ion nhat cua y = max / (?) = / ( 0 ) = 2 <» ? = 0 <=> x = 0 


Gia tri nho nhat cua y = min /(?) = / ^ j = 1 


<=>? = — <=>x = l 
2 


Z?q? 3 : Cho cac so thyc x, y, z. thuoc khoang (l;4) . Tim gia tri ldn nhat cua bieu thuc 
2 (y + z-x ) 2 yf3(z + x-y) 2 2j3(x+y-z) 2 


Bai giai 

Bat a = *Jx,b = -Jy,c = \[z , khi do a,Z?,ce( 1;2) 

-> Ton tai a ABC c 6 do dai ba canh la a, b, c 

2 (b 2 +c 2 -a 2 ) 2 V3 (c 2 +a 2 -b 2 ) 2 iMa 2 +b 2 -c 2 ) 2 
b 2 c 2 c a a b 

= 2(2cosA) 2 + V3(2 cosZ?) 2 -2V3(2cosC) 2 = 8cos 2 A + 4V3cos 2 Z?-8V3cos 2 C 
_ c l + cos2A | ^ 1 +cos 25 Q /^l + cos2C 

2 ’2 '2 
= 4 - 2>/3 + 4.cos2A + 2V3.cos25 - 4V3.cos2C (l) 

Gia su a ABC co tarn va ban kinh dudng tron ngoai tiep la O va R 
Khi do: (yl30A + 20B-0cJ >0 

<=> 3 OA 2 + 4 OB 2 + OC 2 + 4y/30A.0B - 4 OB DC - 2 V 3 OC.OA > 0 
*> 8 R 2 + R 2 1^4 V3cos ^ OA, OB j - 4cos(Ofi,OC) - 2V3cos (oC,OA)] > 0 
<=> 4.cos2A + 2\f3.cos2B - 4V3.cos2C < 8 (2) 

Tie (1), (2) -> P<4- 2 V 3 +8 = 12-2>/3 

Dau dang thuc xay ra khi A = 30°,# = 45°,C = 105° hay b = ayf2,c = ^ + a O 


y = 2x,z = ^2 + yjs'jx vdi xe(l;4(2-V3)j 
Vay gia tri Ion nhat cua P la 12 - 2yf3 


2 


















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 


Bai 4: Xet so thyc x . Tim gia tri nho nhat ciia bieu thuc sau 

p + ' 1 1 
3 


^2x 2 +(3-^)x + 3 ^2x 2 +(3 + ^)x + 3 


Bai giai 

f G i 

Trong mat phang voi he toa do Oxy, xet cac diem A(x;x + l), b\ — 

Khi do ta co P = — + — + —, trong do a = BC,b = CA,c = AB 


ci 4- 


, „ OA.GA OB.GB OC.GC 3 f OA.GA 
a.GA b.GB c.GC 2^ a.m a 
Trong do m a , mb, m c tu'ong ung la do dai ducmg trung tuyen xuat phat tir A, 
Theo bat dang thuc Co si cho hai so thuc khong am, ta co 

1 L „ , -TV 1 3a 2 + (2b 2 + 2c 2 - a 2 ) a 2 +b 2 + c 2 

S- z - 

, , , . , ~ ^ a 2 +b 2 +c 2 N ^ a 2 +b 2 +c 2 

Bang each tuong tu, ta cung co: b.m h < -— j= -va c.m r < - 


Goi G la trong tarn AABC, ta co: P = 


OB.GB 

b.m b 

B, C cua 


c.m c 

AABC. 


Suy ra P > - 


3y/3 


2J3 

v (OA.GA + OB.GB + OC.GC ) (1) 


2V3 


a +b + c 

Ta co OA.GA + OB.GB + OC.GC > OAGA + OBjGB + OCjGC (2) 

0A.GA + 0B.GB + 0CjGC = (0G+GA).GA+(W+GB).GB + (0G + Gc).GC 


= OG.(GA + GB + Gc) + GA 2 + GB 2 + GC 2 = ^(m 2 + m 2 + m 2 ) 
Tu (1), (2), (3) suy ra P>V3 

Hon nua, bang kiem tra true tiep ta thay P = y/3 khi x = 0. 
Vay min P = y/3 


3 


( 3 ) 
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§13: PHU'O'NG PHAP EP BIEN 


Bai mau: Cho a,b,c la cac so thyc thoa man a,c>\\b>2 . Tim gia tri nhonhat cua bieu thuc 


a{b + c ) c(a + b ) 3(a + c ) 2 +2b 2 +8 


b + 2c b + 2a 


4(3 + 


(Trick de thi thu lan 11 thay Quang Baby) 


1 1 c(a+b ) c[a + b ) 


Bai giai 

Taco (l-a)(2-b)>0<^2-2a-b + ab>0<^2a + b<ab + 2 . _ . _ 

V A ’ b + 2a ab + 2 b + 2a ab + 2 

a(b + c) a(b + c) 

Tirong tu ta co —--- > —--- 

b + 2c bc + 2 

Lai co 3(a + c ) 2 + 2b 2 + 8 = 2^(a + c ) 2 +b 2 J + (a + c)~ +8 > 4(a + c)b + 4ac + 8 = 4(aZ? + ac + bc + 2 ) 

+ | a(b + c) ^ A{ab + bc + ca + 2) _( ac + bc 'j f ab + ac | A | afr + frc + ca + 2 

a& + 2 &c + 2 4(ac + 3) \ab + 2 ) \ be+ 2 

df 1 1 1 ^ _ 9(a6 + &c + ca + 2) 

= (a& + &c + ca + 2 ) -+-+- - 2 > —- --2 

^ ad + 2 &c + 2 ac + 3 J ab + bc + ca + 1 

Xet ham so / (?) = ^ + -2 = 7 - 

w t +7 t + 1 

Ma t = ab + bc + ca>5^> P>1 —= — 


Vay gia tri nho nhat cua bieu thuc P la — , dau " =" xay ra khi a = l,Z? = 2,c = l 


Bai 1: Cho 3 so thuc a, b, c thay doi thuoc doan [1 ;2] va thoa man a +b + c < 4. Chung minh dang 

, , a 2 b 2 c 2 2 

thuc: -+-+-> — 

bc + 2 ac + 2 ab + 2 3 

{Trick de thi thu trubng chuyen DHSP Ha Noi) 


T , ^ \(b — l)(c — 2)<0 

Tu gia thiet ta co 1 


{b - 2)(c — 1) < 0 [bc + 2<b + 2c 


Bai siai 

bc + 2<2b + c 


> 2{bc + 2) < 3{b + c)< 3(4 - a) 


Do do:->-; dang thuc xay ra <=> a = 0; b = c = 2. 

bc + 2 34 -a 


Tuong tu: 


ac + 2 3 4 -b 


c 2 > 2 c 2 
ab + 2 3 4 - c 
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b C ->- —— + —— + ——!(*) (Khong ton tai a,b,c de d&ng thuc xay ra ) 


be+ 2 ac + 2 ab + 2 31 4 -a 4 


Xet ham so: fit) = - \t e [ 1 ; 2 ] 

4 -t 


Ta co: f'(t) = 


t(S-t ) ' 
(4-0 2 ' 


0; Vr e [1;2] nenhamso f{t ) dong bien tren [l;2]. 


Suy ra /(f) >/^j = e [ 1 ; 2 ] 

Thay t bai a, b, c vao ve trai cua (*) ta dirge: 


P = - 


2 f 1 1 1 


be+ 2 ac + 2 ab + 2 3^3 3 3 


Vay P > j 

Z?ar 2: Vdi cac so thuc: 0 < a,Z?,c < 2 thoa man a+&+c = 3. Tim gia tri nho nhat cua bieu thuc 
P — >/l + a + Vl + b + -\/l + c 

(Trick de thi thie trw&ng THPT chuyen Bac Ninh) 
Bai siai 

Ta chung minh : fl + a + fl+b > 1 + y/l + a + b(*). That vay: 

(*)<=>l + a + l + b + 2j(l + a)(l + b) >\ + \+a+b + 2fl + a + b 
<=> (1 + a)(l + b)>\ + a + b <=> ab>0 (luon dung) 

Vi vai tro cua a,b,c nhu nhau nen khong mat tfnh tong quat gia su a<b<c 
Suy ra : 1 < c < 2. Theo (*) ta co: P > 1 + *J\ + a + b + J\ + c = 1 + y}4 -c + y/l + c 
Xet ham: f(c) = l + f4-c + fl + c;l<c<2 


Taco f\c) = -= + — ^=;f l (c) = 0<^c = ^- 

2 ^ 4 ^ 2-v/lTc 2 

Taco: /(l) = /( 2 ) = l + V 2 + ^;/[^|j = l + VlO. Vay : P>l+V 2 + V3 


Vay GTNN cua P la: 1 + V2 + >/3 


Bai 3: Cho ba so thuc a, b, c thoa man: a e [ 0 ; 1 ], b e [ 0 ; 2 ], c e [ 0 ; 3] 

rp. . . . 1 , u z. , „ 2(2 ab + ac + bc) S-b 

Tim gia tri Ion nhat cua P = 


\ + 2a+b + 3c b + c + b(a + c)+ 8 yj\2a 2 + 3b 2 + 21c 2 +8 


Bai giai 


Ta co a e [0;l],fc e [0;2],c e [0;3] 

((l-a)(b + c) > 0 J& + c>a& + ac 
[(2 - b)(a + c) > 0 [ 2 a + 2c>ab + bc 


=>2a + b + 3c> 2ab + bc + ac 
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2(2 ab + ac + be) < 2(2 ab + ac + be) 
l + 2a + b + 3c 1 + 2 ab + ac + be 
Mat khac b + c>a(b + c) ( vi a e [ 0 ; 1 ] ) 

8 -b ^ 8 -b 8 -b 


b + c + b(a + c) + 8 a(b + c) + b(a + c) + 8 lab + bc + ac + 8 
Voi moi so thyc x, y, z, ta c 6 : 

(x-y) 2 * * * * 7 +(y- z) 2 + (y-x) 2 >0 <» l(x + y 2 + z) > 2xy + 2yz + 2xz 
<=> 3(x 2 +y 2 +z 2 )>(x + y +z) 2 

=> yjl2a 2 + 3 b 2 + 21c 2 = ^3 [(2a ) 2 +b 2 + (3c) 2 ] > yl(2a + b + 3c) 2 =2a + b + 3c>2ab + bc + ac 
b b 


>/l2 a 2 + 3 b 2 + 21c * 1 + 8 2ab + bc + ac + S 
Suy ra 

2(2 ab +bc + ac) 8 -b 


1 + 2 ab + bc + ac 2 ab + bc + ac + 8 2 a& + &c + ac + 8 

p K 2(2ab + bc + ac) + 8 

1 + 2 ab + bc + ac 2 ab + bc + ac + 8 
Bat f = 2 ab + bc + ac => f e [0;13] 

Xethamso: /(f) = -^- + —— ,t e [0;3] 
f +1 f +8 

/(f) = -^,/ / (f) = 0 ^f = 6 

(f + 1) 2 (f + 8) 2 

/(0) = 1;/( 6 ) = y ;/(13) = ^ => /(f) < y Vf e [0;13] 

Dodo: P< — .Khi a=l ;6 = 2;c = -thi P = —. Vay GTLN cua P la — 

7 3 7 7 


i?flf 4: Cho cac so thyc x, y, z thoa man x,y,z >-1 va x + y + z = 3. 

Tim gia tri lem nhat cua bieu thuc: P = — - ^/—-— 

x 2 + y 2 + 4(xy +1) z 2 -4z + 5 


Bai giai 

Tu gia thiet ta co: (x + l)(y +1) > 0 <s> xy > -(x + y) -1 va x + y = 3 - z 

Do do x 2 + y 2 + 4(xy+ 1) = (x+ y ) 2 +2xy + 4> (x+ y ) 2 - 2(x+ y) +2 = (x+ y-1 ) 2 +1 = z 2 -4z + 5 
vx ■ A , _ x 2 y 2 -l x 2 y 2 -1 x 2 +y 2 -l 

x +y +4(xy + l) z -4z + 5 z -4z + 5 z -4z + 5 z -4z + 5 
Mat khac: x 2 + y 2 = (x + y ) 2 - 2xy < (x + y ) 2 + 2(x + y) + 2 = (x + y +1 ) 2 +1 = z - 8 z +17 

Vi vay P < z \~ Sz + l7 . Bat t = ^~ 8z + 17 (*). Khi do (*)<=> (f-l)z 2 +(8-4f)z + 5f-16 = 0 
z — 4z + 5 z~ — 4z + 5 

Phuong trinh nay co nghiem khi a> 0 <=> (4-2f ) 2 -(f-l)(5f-16)>0<=>5f-f 2 >0<=>0<f <5 
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Suyra P < 5. Dau xay ra khi va chi khi (jc;y;z) = ^-l;^;^jhoac (x;y;z) = 

Vay gia tri Ion nhat cua bieu thuc P la 5. 

Bai 5: Cho a g [ 1 ; 2]. Chung minh rang (2° +3 a +4“ )(6 a + 8 a +12“) < 24 a+1 

Bai giai 

Bat diing thuc tu'ong duong <z> (2 fl + 3 a + 4“) + ^ + j < 24 


Do a g [1;2] => 2 < V < 4;3 < 3 a < 9;4 < 4“ < 16 


^ 2 < 2“ < 16;2< 3“ < 16;4 < 4 a < 16 (0.25d) 
Voi x g [2; 16] ta co: 


(jc — 2)(jc —16) ^ 0 <=> * 2 -18x + 32<0<=>x-18 + — <18-x 


Tir do suyra:32^^ r + ^ r + ^-j<54-(2“ +3° +4“) 


f i i r 
U 3 4 


, 54-(2“+3 a +4 a ) 
32 


Khi do: <» (2 a +3“ +4 a ) 


3 ^ 


(2 a +3 a +4 a )[54-(2 a +3 a +4 a )] 
4° J < 32 


/?ar 6 : Cho 3 so thuc a,b,c thoa man: 0 < ( 2 a, b) < 1 <c Tim gia tri nho nhat 
p _2a(b + c)+bc + ab 4 a(b + c) 4 b(a + c) 

~ 72 2(a +b + 2c) +1 _ 28a 2 + 7b 2 + 2c 2 + 2 

(Trick de thay Man Ngoc Quang) 

Bai giai 

Ta co : 2(2 a+b-c) 2 +5(2 a-b) 2 > 0 <=> 28a 2 +lb 2 + 2c 2 >\2ab+%ac + 4bc 
2a(b + c) + b(a + c) < a + b + 2c do 0 < ( 2 a, b) < 1 < c 


, ^ 3 ab + 2 ac + be 

4 a(b+c ) 

4 b(a + c ) 

72 

3 ab + 2 ac + bc +1 

l2ab + Sac + 2bc + 2 

3 ab + 2 ac + be 

4(a& + ac) 

4 b(a + c ) 

72 

2 3ab + 2ac + be + — 

4 3afc + 2ac + fec + — 


L 2. 

J L 2j 


= —- t —, t = 3ab + 2 ac + bc> 0 

72 (+ l 

2 

Xet ham so ta co dirge ket qua dau bang xay ra khi :t=ll/2,a = V£,b=l,c = 2 
Cau 7: Cho cac so thirc x,y,z thuoc [0;l] va z = min {x, y, z} .Tim GTNN cua bieu thuc: 
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1 ^/y 2 +14yz + z 2 8(x + l)(y + l)(z + l) 




x+y+z+2 


Bai siai 

Do z = min [x, y, z } nen ta c 6 x 2 +z 2 < ^x + 

Talaico z<y=>(y + z) 4 - y 4 + 4y 3 z + 6y 2 z 2 + 4yz 3 + z 4 < y 4 +14yz.y 2 + y 2 z 2 = y 2 (y 2 + 14 yz + z 2 ) 
> (y + z ) 4 Vy 2 + 14 yz + z 2 > 1 ^ 1 

(y + z) 3 “y (?+*)" 


> y 2 +14 yz + z 2 >- 


Do do ta co P>- 


8(j: + l)(y + l)(z + l) 


Ta co - 


3 H 


*1 (*+y + z) 


Va (x + l)(y + l)(z + l) = l + (x + y + z) + (xy + yz + zx) + xyz>l + (x + y + z) + (xy + yz + zx) 
Lai co (l-x)(l- y)(l-z) = l-(x + y + z) + (xy + yz + zx)-xyz > 0 

16(x +y + z) 


z-l + xyz>x + y + z- l =3> P> 


(x+y + z) x+y + z + 2 


Xet ham so f(t ) = \ + vdi t=a + b + c va t e [0;3] 

Tac 6 /’(0 = -“ + -^- r ;/’(0 = O=>« = 2=>/(0a/(2) = lO 
f (t + 2) 

Vay gia tri nho nhat cua bieu thuc P la 10 , dau " =" xay ra khi x = y = l,z =0 
Cau 8: Cho cac so thyc x,y , z > 1 thoa man 2xyz + l>x+y + z. Tim GTLN cuabieu thu'c 
p -\/2x 2 - 2x +1 + 2y 2 - 2y +1 + \]2z 2 - 2z +1 + 2 

(x+y + z) 2 2xyz + l 

(Trick de thi thie Ian 9 thay Quang Baby) 

Bai giai 

Ta co: 2x(x -1) > 0 => 4x 2 - 4x +1 > 2x 2 - 2x +1 => y/lx 2 -2x + l < %/4x 2 -4x + 1 = 2x -1 
Tuong tu ta co: ^2y 2 - 2 y +1 < 2 y - 1 ; -Jlz 2 - 2z +1 < 2z -1 

„ 2x-l + 2y-l + 2z-l 2 ^2(x+y + z)-3 2 _ 4 3 


Do do : P< - 


(x+y + z) 


2xyz + l (x+y + z) 2 x+y + z x+y + z (x+y+z ) 2 









































Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Qstudy.vn Hoc Toan Khong Tien Bo, Hoc Thay Quang De Thay Doi 

, 4 3 

Xet ham so f(t) = - 7 voi t = x+ y + z> 3 

w t r 

Ham so / (?) nghich bien nen P = f(t)< / (3) = 1 

Vay gia tri Ion nhat cua bieu thuc P la 1, dau " =" xay ra khi x = y = z - 1 


Cau 9: Cho 0 < a,b,c < 1 , a(4-a -b) = c(a + b) Tim GTNN : 
P = (1 + a + b) (1 + b + c) (1 + c + a) + 16 a 2 + 16 be - 64 a 


(Trick de thi thu 3 lan 16 thay Quang Baby) 


Bai siai 

0 < a,b,c < 1 

a(4-a-b) = c(a + b) => 4a = a 2 + ac + bc + ab = (a + b){a + c) 

16 a 2 + 16 be - 64 a = -16 {ab + ac) 

(1 + a + b){ 1 + c + a){ 1 + b + c) = (1 + 6a + b + c)(l + b + c) = 1 + 6a + 2b + 2c + 6 a(b + c) + (b + c) 2 
=> P = 1 +6a + 2b + 2c + 6a(b + c) + (b + c ) 2 -16 (ab + ac) 

>l + (2a + 4a 2 ) + (b + c) 2 +2b + 2c-l0a(b + c) = l + \2a] + [4a 2 +(b + c) 2 ~\ + [2b + 2c]-l0a(b + c) 
Vi: 0 < a,b,c < 1 => [2a] > a(b + c),[4a 2 +(b + c) 2 ] > 4a(b + c),[2b + 2c] > 2a(b + c) 

=^> P > 1 + a(b + c) + 4a(b + c) + 2 a(b + c) - 10 a(b + c) = 1 - 6 = -5 


Cau 10: Cho a,b,c e [0;ll . Chiing minh rang —-— +-+ —-— + abc < - 

- L J & & 1 + bc 1 + ac l + ab 2 

(Trick de thi thir truemg THPT Bao Duy Tie nam 2012) 


Bai siai 

Khong lam mat tmh tong quat cua bai toan, ta co the gia su: 1 > a > b > c > 0 

rr , . a b c , . 1 b c , 1 b + c 

Taco: A = -h-h- + abc< -h-h- + bc<bc-\ -h- 

1 + be 1 + ac 1 + ab 1 + be 1 + bc 1 + bc 1 + bc 1 + bc 

Taco: (l-fr)(l-c)>0<=>l-fcc>fr + c>0<=> b + C <lVaynen: A<bc +1 + —-— 
v A ’ l + bc 1 + bc 

Dat t = \+ab (l<? < 2)khi do: /(?) = t + - =^> f '(?) = l-\> 0(V :1< t < 2) /(?) dong bien tren [l;2] 


> f (Omax ^f{2) = ~oa = b = c = ] 


Cau 11: Cho x,y,ze[0;2];xy + yz + zx>0.Tim minP = x 2 + y 2 + z 2 + 10(xy + yz +zjc)+ 


2yjx 3 + y 3 +z 

(Trick de thi thie truemg THPT Do Luang 1) 


Taco: P = 5(x+y + zf -4(x 2 + y 2 + z 2 )+ 


Bai siai 

96 


2 Zjx + y + z 
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x 2 + y 2 +z 2 =\_x(x-2) + y(y-2) + z(z-2)] + 2(x + y + z)<2(x + y + z)', x 3 + y 3 <(x +yf ,z<2z. 

96 


Khido: P>5(x+ y + z) - 8 (x+y + z) + 


2(x + y + z ) 


48 

Bat t = x+ y + z(t>0)=> P >5t 2 -8t -=> 7^ = 28 <=> x = 2, y = z = 0. 


Cdu 12: Cho a,b,c e[l,3], a+b+c = 6. Tim Max P = — ^ +6abc + l - abc 


ab + be + ca 

(Trich de thi thie trudng THPT Bang Thuc Hua) 


Bai giai 

Ta danh gia: (a - 1) (a - 2 ) (a + 1) (a + 2) + (b - 2) (b - 1) (b + 2) (b + 1) < 0 <=> a 4 + b A < 5a 2 + 5b 2 - 8 

5 (a 2 +b 2 +c 2 \ + 6abc-l 

->P<-2 -- abc 

ab + be + ca 

Talaico^ <» abc+ 8 < 2(ab + bc + ca) < 2(abc + 3) 

[{2-a){2-b){2-c)>0 

2(6abc + 13) 

^P<-± -- - abc -10 < 5 => P =5 <=> a = b = l,c = 2 

abc+ 8 

Vay P mm =5^a=b = l,c = 2 

Cdu 13: Cho 3 so thyc a,b,c thoaman: ae[ 0 ,l],^e[ 0 , 2 ],ce[0,3] 

2(2 ab+bc+ac) 8 -b b 


Tim Max P = 


l + 2a+b+3c b+c+b(a + c) + 8 ^J\2a 2 + 3 b 2 + 21c 2 + 8 

(Trich de thi thie trudng THPT Anh San 2) 


Bai siai 


f(T-a)(& + c)> 0 

Taco<! x o2a+b + 3c>2ab + ca+bc 

[(2-&)(a + c)>0 

b + c> a(b + c) 

yll2a 2 + 3b 2 + 21c 2 > yj(2a +b + 3cf 
2(2 ab + bc + ca ) 8 -b b 


1 + 2 ab + bc + ca 2 ab + bc + ca + 8 2 ab + bc + ca + 8 

Dat t = 2ab + bc+ca(t>0) 

„ 2t 8 16 „ 16 ,, , 2 

=>P<-+-< — =>P max = — <=> a = \,b = 2,c = - 

\+t t+8 7 7 3 

Vay P = — <=> a = l,b = 2,c = - 

“ax 7 3 
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Cau 14: Cho x,y,z e(0,ll. Chiing minh rang P = (l+ — )(x+y + z)>3 + - + — + - 

xyz x y z 


(Trich iJe thi thie truong THPT Ngo Si Lien) 


Bai giai 

Taco: (x-l)(y-l)>0<=>xy + l>x+yol + — >- + — + — + — >2 - + — + - -3 

xy x y xy yz zx {x y z) 

Taco: P = \ —+1 j(x +y + z) = —+ — + — +x+y+z> 2 - + —+ - +x+y + z-3 
J xy yz zx {x y zj 

=>P> — + - + - + — + — +—+x+ y + z-3>2 \\ —+—+ — }(x+ y + z) + x+ y+ z~3=> P>x+ y + z + 3(dpcm) 
x y Z X y z \\X y zj 

Dau bang xay ra <=> x = y = z = 1 


Cau 15: Cho x,y,ze[l,4],x + y + z = 6. Tim min : P = 


, x +/-1 


8(x 2 + y 2 ) xyz 


Bai siai 


, * +y - 1 . 


2 1 


x +y ) xyz 8(x +y j xyz xyz 8(x +y j z xyz 
(x-l)(y-l)>0^xy>x+y-l = 5-z 
(x 2 +y 2 ) = z -10z + 26 

P> ---- + ---- >- 

8(z 2 -10z + 26) z z(5-z) 2 

^ , 1 (z-4) 2 (4z 2 -45z + 117) 

Ta chimg minh: P>-o -- 7 v . -f > 0 

2 8z(5-z)(z 2 -10z + 26) 

MaxP = ^<=>x = y = l,z = 4 


Cau 16: Cho a,b,ce\ 0,ll. Tim GTLN ciia bieu thiic: P = —— + -+ —-— + 2(l-a)(l-£)(l-c) 

be +1 ac + 1 ab +1 

(Trich de thi thu' lan 6 thay Dang Thanh Nam) 


Bai siai 

Gia sii c>b>a. Taco: (l-a)(l-b)>0<^> ab+l>a+b 
Ta se chiing mi nh: 

2b 


be +1 a + b + l 


ca +1 a + b + l 


<=> lea +1 >a + b;- 


ab +1 a + b + l 


- <=> lab +1 > a + b 


^ 2[a + b + c) + 2(l-a)(l-Z?)(l-c)(l + a + &) < 2[a + b + c) + 2(l-c) ^ 

a+b+l l+a+b a+b+l 1 +a+b 
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Dau bang xay ra <^>a-b = c- 0 hoac a = b = l,c = 0 ( hoan vi) 


Cdu 17: Cho 




Tim mi n P = - 


- + (l-a)Q-bXl-0 


h+c+1 a+c+1 a+b+l 

(Trick de thi thd Ian 11 thay Dang Thanh Nam) 


Ap dung AM - GM ta co: 


Bai giai 

(i +fl+ *)(f-„)(f _ b y&^±*L 

( 1 +c+ ‘ , (f- a If - A ) s8 


Ta co P < - 


.'HlH.* Hr* 




Bat: /(a) = —— 

J v ’ t, + c + i u u 

Tac6+)/(0)=l+2i c -^(*+c).l+6Qc-^-^c = *(*) 

Do gc-y,0 ; Vc £ [0;I]^/(0 )ag ( 6 )^(I)^ 

.Jl') 1 b + c 17 

+)f {2J 2+2 (b + c) + 8 + 2 _ 8 

Vay P. = — <^>a = b = c = — 

J " 8 2 


+ (l-fl)(l-fc)(l-c) 


-(l-a)(l-fc)(l-c) 


Cdu 18: Cho a,b,c e[l,3],a+b+c = 6. Tim max P = abc(a 3 +b 3 +c 3 ) 2 


Bai giai 

Ta co: a 3 +b 3 +c 3 = (a+b+cf -3(a+b)(b+c}(c+a) = 2\6-\%(ab+bc+ca)+3abc 
Ta co: (a-3)(&-3)(c-3) <0<=> 3(ab + bc + ca) >9(a + b + c)- 27 + abc = 21 + abc 
P<[3(ab+bc + ca)-27~\{2l6-lS(ab+bc + ca) + 3[3(ab + bc + ca )-27]f 

=> P < 3 ( ab + be + ca - 9 ) [ 13 5 - 9 ( ab + be + ca )T 
=> P < 7776 

Vay P max = 7776 <=> a = l,b = 2,c = 3 va cac hoan vi 
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Cau 19: Cho a,b,c e [1,2 \,a + b + c = — . Tim GTLN cua: P = a 6 +c 6 + 21b 2 + —j= ^ 

2 Jl2(a 3 + b 3 ) + 28b 2 +25 


Bai giai 


a 6 <21 a 2 -20 <» (a 2 -l)(a 2 -4)(a 2 + 5)<0 
c 6 < 21c 2 -20 
3a 3 <7a 2 -4 
3c 3 < 7c 2 -4 


• P < 2\{a 2 +£> 2 + c 2 )-40- 


^28 (a 2 +b 2 +c 2 )- 7 


, „ , . f(a-l)(&-l)(c-l) > 0 13 29 

Bat: t = a +b~ +c . Voi \ <^>ab+bc+ca> — =3>t< — 

(a-2)(b-2)(c-2)<0 2 4 


Cau 20: Cho 


a 2 +b 2 +2c 2 =ab +be+ ca +5 . Tim Gia tri Ion nhat cua bieu thuc: 


b +ab +be+ 3ac 


+ *j2a + 4b + 8c-18 — 


(ab + bc + ca)y/2 
4 


Bai giai 

Tu gia thiet ta se co: ( b-a)(b-c ) < 0 ob 2 +ca< b(a + c ) 


b + ab + be + 3 ac 


< ylab + bc + ca 


>b 2 + ab+be + 3 ac < 2 [ab + bc + ca) => ^ 

Mat khac ta lai co: (a -1) 2 +(b- 2)” + 2(c - 2)" > 0 <^> 2a + 4b + 8c -18 < a 2 + b 2 + 2c 2 -5 = ab + bc + ca 
Suyra: yj2a + 4b + 8c-18 < yjab+bc + ca 

Tu day ta se co: P < 2\jab+bc + ca - = 2^2 -^-{^[ab+bcTca-2^2^ <2y[2 

Dau bang xay ra khi va chi khi: ^ 

Cau 21: Cho cac so thyc x, y, z e [0; l] va z = min {x, y, z}. 

Tim gia tri nho nhat cua bieu thuc: P = ^ + ^ 


Ix + z Jy(y + z) xy + xz-yz 

(Trick de thi thir Ian 6 thay Quang Baby) 


Lai siai 

Voi nhung bai toan co dieu kien bien x, y, z e [0;l]chung ta se tim each khai thac no , dir doan diem roi 
se la: x = y = 1, z = 0. 
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- co chua xy+xz-yzct mau , day la hang tu co the goi y cho chung ta don bien 


xy + xz-yz 
ve xy+xz-yz . 

Ta cd: x, e [0; 1]. Suy ra \[x>x 2 = + 4 

’ pX + Z yjx(x+z) yjx(x + z) 

, 12-' 

Ap dung BDT phu Co-Si nguoc ta co : ,- >-. Dau bang khi A = B > 0 . Do du doan diem roi 

y/A.B A + B 

x = y= l,z = 0 nen kha nang x = x + zvay = y +z la hoan toan co the xay ra . 


. x 2 (y + z ) 2( v 2 2 

Taco: - >x (y + z) .- 

f(7Z7) w ’ 2x+z 


(yz + 1) . / 2 

Jy{y +Z ) 1 2y+z 


Dodo p> 2j;2 ( y+z A 2 ( yz+1 A _ 1 _ Jxy+yz+xz+11 


2 y + z xy + xz-yz x+y + z xy + xz-yz 


x y x+y 

Vdidieukien: x, y,z e [0;l], ta luon co: (l-x)(l-x)(l-x)>0 
•»xy + yz + xz + l> xyz + x+y + z> x + y + z 
2 

Suyra P>x+y + z + - 

xy + xz-yz 

Ap dung bat dang thuc AM-GM, ta co: x 2 +(y + zf > 2x(y + z) => x 2 + y 2 + z 2 > 2(xy + xz - yz) 
Ma x,y,ze[0;l], x+y + z>x 2 + y 2 + z 2 > 2(xy + xz-yz) 

2 AM-GM 

Suy ra P> 2 (xy + xz- yz) + - > 4 

xy + xz-yz 

^ « „ , fx = y = 1 

[z=0 

Vay gia tri nho nhat cua P la MinP = 4 dat dupe khi (x; y; z) = (l;l;0) 

Cdu 22: Cho hai so thuc x,y thoamandieukien 1 < x < 2; 1 < y < 2. 


Tim gia tri nho nhat cua bieu thuc P = — 


x + 2y y + 2x 


+ 3y + 5 y 2 +3x + 5 4(x+y-l) 

(Trick de thi dai hoc khoi D nam 2014) 


Bai giai 

Do l<x<2 nen (x-l)(x-2)<0, nghTala x z +2<3x. Tuongtu y 2 +2<3y. 
x + 2y y + 2x 1 _ x + y 1 


Suy ra P > 


3x + 3y + 3 3x + 3y+ 3 4(x + y-l) x+y + 1 4(x + y-l) 


Dat t-x+y, suyra 2<r<4. Xet f(t) = -+ —voi 2<r<4. 

J W t + l 4(f-l) 
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Taco f'(t) = 


( r + l) 4 (r-l) 2 


Suyra /'(r) = 0<=>r = 3. 


Ma /(2) = ^;/( 3 ) = ^;/( 4 ) = | nen f(t)>f(3)= 7 -. Dodo P> 7 -. 

Khi x — \,y -2 thi P = -. Vay P =-o\ X = l 
8 " 8 \y = 2 

Cau 23: Cho cac so thyc a,b,c thuoc doan [l;3] va thoa man dieu kien a+b+c = 6. 

rpv •' 4 . ■ i , 4 -u ' n ci 2 b 2 +b 2 c 2 + c 2 a 2 +12abc+ 72 1 

Tim gia tri ion nhat cua bieu thuc P = - abc. 

ab + bc + ca 2 


(Trick de thi thpt quoc gia nam 2015) 


Bai siai 

Bat t = ab+bc+ca.. Taco: 36 = (a + Z? + c) 2 = ^[a-b) 2 +{b-c) 2 +[c-af^ + 3t>3t. Suyra t<12. 

Matkhac (a-l)(&-l)(c-l)>0 nen abc>ab + bc + ca-5 = t-5; 

va (3-a)(3-&)(3-c)>0nen 3t = 3(ab+bc+ca) > abc + 21 > t + 22. Suyra r>ll. 

„ a 2 b 2 +b 2 c 2 +c 2 a 2 + \2abc + 72 1 , 

Khido P = - abc 

ab + bc + ca 2 

_ (ab+bc +cdf + 72 abc < t 2 +12 t-5 _ t 2 +51+144 

ab + bc + ca 2 t 2 2 1 

, v a - / \ t + 5t +144 ,. in ni t ' \ t —144 

Xethamso f(t) = --- von fe[ll;12]. Taco / (r) = —— ; —. 

Dodo f\t)<0,\/t e[ll;12], nen f'(t) nghich bien tren [ll;12]. 

Suy ra f(t) < /(ll) = Do do P < => P mm = <=> a = l,b = 2,c = 3 va cac hoan vi cua chung. 


Cau 2< 

4 

4: Cho x,y,ze [l; 3] . Tim 

Gia tri nho nhat cua bieu there: 

4608 

x 2 +y 2 +xy+9z 

^y(x 2 +2y 2 + 3z 2 ) -y + zj 

Bai giai 


Cau 25: Cho \ ^ ^ .Tim Gia tri nho nhat cua bieu there: 

a+b+c>5 


3(c + l) 


2abc + \0c + 3[a + b + c 2 + l) 


T) + f 


, lU 13 >/4 c 2 +13 

i+b + l)-+— + - - 

’ 4 2 


(Trick de thi thd lan 19 thay Quang Baby) 


Bai giai 
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Cau 26: Cho a,b,c la cac so thyc thuoc doan [l;4] thoa man a+b+2c = 8 . 

Tim GTLN cua P = a 3 + b 3 + 5c 3 

Bai giai 

Taco : («- 1)(Z?-1)>0 => ab>(a+b)-l = T-2c 

Khi do : P = a 3 + b 3 + 5c 3 = (a + b) 3 - 3ab(a + b) + 5c 3 < (8 - 2c) 3 - 3(7 - 2c)(8 - 2c) + 5c 3 
Lai co : a + £> + 2c = 8=>2c = 8-(a + £>)<8-(l + l) = 6=>c<3 
Xet: /(c) = (8 - 2c) 3 - 3(7 - 2c)(8 - 2c) + 5c 3 voi c e [l; 3] 

=> / '(c) = -9c 2 + 168c - 294 

BBT => /(c) max = max {/(l); /(3)} = /(3) = 137 «|“ ^ = ^ 1 

Cau 27: cho cac so khong am a,b,c sao cho a,c e [0; 1] va ab+bc+ca >5 tim gia tri nh d nhat cua: 
p _ a(b + c) + c(a + b) + 3(a + c) 2 + lb 2 + 8 
b + 2c b + 2a 4 (ac + 3) 

(Trich de thay Man Ngoc Quang) 


T r a(b + c) c(a+b ) 

Luu y la : . + ^ = a + c- 


Bai giai 

2 ac(a+b + c) 


mat khac: 


b + 2c b + 2a (b + 2 a)(b + 2c) 

(b + 2a)(b + 2c) = b 2 + 2b(a + c) + 4ac = (b - 2) 2 + 4b -4 + 2(ab + bc + ca ) + 2 ac >4b + 6+ 2ac 

1 . , . , a(b + c) c(a + b) ^ ac(b + ac + Y) 

Va a+b + c = b + ac+l-(a-l)(c-l)<ac+b + l do do --4- ->a + c - 

b + 2c b + 2a 2b + ac + 3 

,,, ac(b + ac + l) ac + 2 . ... .. ac(l-ac ) 

Ma: a + c ---- =-(a-l)(c-l) +---— 

2b + ac + 3 2 2(2b + ac + 3) 

ac + 2 . ... .. ac(\-ac)(2b-ac-3) ac(l-ac) .a ^ , 

=-(a - l)(c -1)------ + —--- tiep theo ta co danh gia: 

2 4(2b + ac + 3)(ac + 3) 4(ac + 3) F & 

b-a-c> -—— - a-c> — - a-c = 2(2 -a-c)+ ^ a + c —> 2(2 - b-c ) do do 

a+c a+c a+c 


(l-a)(l-c)< 


(2- a-c) (b-a-cY ( b-a-cY 


16 


4(ac + 3) 


mat khac de thay ac>a+c-\ nen: 
ac(l - ac)(2b - ac - 3) (b - a - c) 2 


(1 - ac)(2b -ac- 3) < 2(2 -a- c){b - a -c)< (b - a - c) => 

4(2b + ac + 3)(ac + 3) 4(ac + 3) 

Lai co: 3 (a + c) 2 + 2 b 2 + 8 = 4 (ab + be + ca + 2) + (b - a - c) 2 + (a - c) 2 > 28 + 2 (b-a-c) 2 
Tu' nhirng danh gia tren ta co : 

(ac + 2) ac(l-ac) ( b-a-c) 2 \4 + (b-a-c) 2 _ (ac + 2) ac(l-ac) 7 


4(ac + 3) 2 (ac + 3) 


2 (ac + 3) 


4 (ac + 3) ac + 3 
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4 (ac + 3) 4 4 


Cau 28: Cho cac so thuc i, y,ze [l, 3] tim max P = - 

x , y 1 

; 2 + y 2 + 18z ' (x + y)(3z + 3) 9z 

Bai siai 

x 2 + y 2 + 18z-3(x+y)(z + l) = (3z-x)(3-x) + (3z-y)(3-y)>0- 

. y i_ 1 J 1 0 

->x 2 + y 2 +18z>3(x+y)(z + l) 

2 

3(x+y)(z+l) 

p f 1 0 
VTi sj 

3(x+ y)(z + l) 9 z 3(z + l) 9z 1 

bU - o VF + ^ 

khi: x = y = 3; z = —-— 

ys/3 3 J 

C«m 29: Cho x, y, z la cac so thuc duong thoa man i, v,ze [l; 2] . Tim Gia tri nho nhat cua bieu thuc: 

6xyz(x-y + 3) x 3 +6 2 2 

P ~ 6 + xy 2 + 2x l(x 2 +xz ) + X+Z 

Bai siai 

Tu gia thiet ta co: (x-l)(x-2)(x + 3)<0<=>x 3 + 6<7x (1) 
Tu gia thiet ta lai co: (y-l)(y-2)(x + 3) <0 <=> 6 + xy 2 + 2x< 

Tu (1) va (2) ta co: P >——+ 2 xz + x 2 + z 2 = (x + z) 2 -— 

x + z x + z 

2<x + z<4=> MinP= n ~. " = "<=> (x; y;z) = (l;l;l);(l;2;l) 

3x(x-y + 3) (2) 

Cau 30: Cho \ 

\x,y,z >0 

xy > 1 . Tim Gia tri nho nhat cua bieu thuc: 

14z 2 (x + y -1) - x 2 - y 2 + 2 > 4xy 

n VF ,/,*%, Z^Z 2 

^ } z + xy^ Z 


Bai siai 

Tir gia thiet ta se co: 

4z 2 (x + y-l)-x 2 - y 2 > 2xy + 2(xy-l) > 2xy => 4z 2 (x+ y) > (x+y) 2 + 4z 2 > 4z(x +y) => z > 1 

Tir day ta suy ra: ( xy - 1) (z -1) > 0 <=> xyz +1 > xy + z 

Tir day ta se co: z(xy + 2)-z 2 >xyz + l>xy + z>xy + l (*) 


xy>l=> Zy[xyzJ^y->(xy) 2 ,yfz>l ' 1 


1 + z^jxyz. z + xy^fxy 

Ap dung (*) ta se co P> — —p— + — ,— + xy> 2 ^~,_ + xy + l> 2 + xy + l 
1 + ,/xyz z + xy^Jxy l + xyy/z 1 + xy 
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Xet ham tren xy>=l la=>MinP=3, dau bang khi x=y=z= 1 


Cau31:ao\ x ’ y ’ z ^°4 
[xy + yz + zx = 1 

. Tim Gia tri nho nhat ciia bieu thuc: 

P = ln 

(x + y + z) 3 2-3(x 2 +y 2 + z 2 ) 

2 x 2 + y 2 + z 2 + 2 

2 x+y+z 

4-xyz 


Bai giai 

Tu gia thiet ta se co: 

(x-l)(y-l)(z-l) <0oxyz + x+y + z<2-xyz < 2- => 4- xyz > 2(x+y + z) 


x 2 + y 2 + z 2 + 2 _ (x+y + zf ^ -(x+y + z) 

4 - xyz 4 - xyz 2 

Mat khac ta co: 

(. x+y+zf | 2-3 (x 2 + 2 +z 2 ) _ (x+y + zf | 8-3 (x+y + zf 
2 x+y+z 2 x+y+z 

(x + y + z 8 

= --— +-3(x+y + z)>4(x+y + z)-3(x+y + z) = x+y + z 

2 x+y+z 

Tu day ta se co: P>-^ln(x+y + z)- JC + ^ + Z 

Xet ham tren ^3(xy + yz + zx) <x+y+z< 2- xyz =>V3<x + y + z< 2 
Suy ra min P= - In 2 - 1 dau bang khi J X V * (va cac hoan vi) 


Cau 32: Cho cac so thuc a,b,ce\ 

2;, 

,3 

. Tim gia tri Ion nhat cua : 

2 

9 (ab) 3 16 byfc 


6a + 6b-S 

~ a 2 +3b 2 +c 2 + 1 + 2a 2 +4 b 2 +c 2 

; +l 

l&ab-9a-9b + 4 

Bai giai 


Ap dung Bdt am_gm va cauchy_schwart ta co 16 byfc < (2 b+c + 1) 2 va 9(ab) 3 < (a+b+l) 2 
TWA (a + b + lf | (2fr + c + l) 2 _ 6a + 6b-S _ 


Mat khac ta co 


a 2 + 3b 2 + c 2 +1 2a 2 +4b 2 +c 2 +l lSab-9a-9b + 4 

a 2 | b 2 | 1 > (a + b + lf 

a 2 +b 2 + b 2 +c 2 + b 2 +\~ a 2 +3b 2 +c 2 +1 
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Va 


(: 2b + c + lf < b 2 | c 2 b~ 1 

2a 2 + 4b 2 + c 2 + 1 a 2 +b 2 b 2 + c 2 lb 2 a 2 + 1 

1 6a + 6b-8 


1 


" 2 a 2 + 1 b 2 + 1 18aZ>-9a-9Z>44 

12 (aZ?-l)(a-Z?) 2 


mat khac voi moi a,b du'ong va ab < lta co: 


< 0 dung . ngoai ra luu y rang : 


a +1 b +1 ab +1 (aZ? + l)(a +1 )(b +1) 

1 Sab - 9a - 9b + 4 = 2(3 a - 2)(3 b - 2) + (3a - 2) + (3b - 2) do do: 

2 2 4 - • 

6a 4 6Z> - 8 _ + ^ yl(3a-2)(3b-2) _ 2 

18aZ?-9a-9Z? + 4 1 4 —--1-2 . 2 +2 \j(3a-2)(3b-2)+\ 

3a-2 3Z>-2 y /(3a-2)(3b-2) 

„5 2 2 


tir cac danh gia tren 


suy ra P < 


2 aZ?4l j(3a-2)(3b-2)+\ 


tiep theo tir (a - l)(a - 2) > 0 => a 2 > 3a - 2 tuang tu Z? 2 > 3& - 2 


nhan ve ve suy ra aft > yj{3a-2)(3b-2 ) tu day ket luan P < - dau=khi a=b=c=l 


Cau 33: Cho x,y,ze [0; 2] thoa man x + y + z = 3. Tim gia tri nho nhat cua bieu there 
+ Jxy + + Jzx 


x 2 +y 2 +2 y 2 +z 2 +2 z 2 +x 2 +2 


Bai giai 

Taco x 2 + y 2 +2 = (x 2 +l) + (y 2 +l)>2(x + y),....; -Jxy < 1 , 

XT . „ i r i i i 

Nen P<- -+-+-4 

2|_x + y y + z z + x 


Taco [x + y + z)(xy + yz + zx)>9xyz 


=> (x4 y )(y 4 z)(z 4 x) = (x 4 y 4 z)(xy + yz + zx) - xyz > ^(x 4 y + z)(xy + yz + zx) 

111 _ (x4^)(y4z)4(j4z)(z4x)4(x4y)(z4x) 

x4 y y + z Z + x (x4 y)(y 4z)(z4x) 

_ (x + y + zY +xy + yz + zx (x4y4z)‘ 4xy + yz + zx _ 27 3 

(x + y)(y + z)(z + x) ~ l( x +y + ^ + yz + S(xy+yz+zx) + S 

Suy ra /> < 1 — -—-- 

2|_8(xy + yz + zx) 

Bat t =xy + yz + zx. Do x,y,ze [0;2] => (2-x)(2- y)(2-z) >Ooxy + yz + zx> ^ + ^ yz >2=>t>2 
Mat khac: xy + yz + zx< ^(x 4y4z) 2 =3=>r<3 .Vay t e [2;3] 
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Tac6/ 4[f + ‘ + f]- / (‘) 

Xethamso f(t ) voi te[0;2] taco f'(t) = ^^ ^ >0 Vte[2;3] nenhamso f(t) dong 


bientren [2;3].=> f(t)< /(3) = —. 

Do P<f(t)^P< — .Co P = — khi jc = y = z = l. 

W 4 4 

Vay gia tri nho nhat cua P la ^ dat dirge khi x = y = z = 1. 


Can 34: Cho a, b, c la ba so thuoc doan [0; 1]. Chung minh: 

————7 +-——r +-- + (l-a)(l-&)(l-c)<l 

& + c + l a + c + 1 a+& + l 


gar giai 

Do vai tro a, b, c nhu nhau nen gia su a < b < c, khi do: 

Dat S = a + b + c + \=> b + c + \ = S - a> S -c\a + c + \> S - c\a + b + \> S - c 

Ta co (1 - a) (1 - b) (l + a + b) < 1 <=> (l - a - b + ab ) (l + a + b) < 1 <=> b (a + b) (a -1) - a 2 < 0 (dung) 

Ma (1 - a)(l - b)(S -c) < 1 => (l - a)(l - b) < - 1 — <=> (l-a)(l- b)( 1 -c)< ] —^- 

S-c S-c 


Do do - 


b+c+l a+c+1 a+b+1 


/-i \ b c 1 c S c A 

+ (l-a)(l-Z7)(l-c)<—— + — = 1 

u C j C j C o C u C 


Caa 35: Cho cac so thuca, b, c thuoc [4; 6] va thoa man dieu kien a + b + c = 15. Tim gia tri Ion nhat 
cua bieu thuc: 

„ a 2 b 2 +b 2 c 2 +c 2 a 2 +30abc + 180 1 


ab + bc + ca 


- abc 

20 


Bai giai 

Ta c6(ab +bc + caf =a 2 b 2 +b 2 c 2 +c 2 a 2 +2abc(a +b + c) = a 2 b 2 +b 2 c 2 +c 2 a 2 +30 abc 

,, (ab + bc + ca) 2 +180 1 

Do do P = - --- abc . Dat t = ab +be + ca 

ab + be + ca 20 

Ta co (a -4) (b- 4)(c-4) > 0 <=> abc +16 (a + Z? + c) - 4(a& + £c + ca) - 64 > 0 <=> abc >At-Y16 

„ r 2 +180 1 44 4 180 44 

=^>P<-r + — = -r + — + — 

t 4 5 5 r 5 

Ta co (a - 6 )(b - 6)(c - 6) < 0 <=> aZ?c + 36(a + b + c) -6{ab + bc + ca)- 216 < 0 <=> aZ?c < 6r -324 
^ , faZ?c>4r-176 

Ket hop ^ 4r -176 < 6r -324 ^ r > 74 

[aZ?c < 6r - 324 

Ta co 15 2 =(a + & + c) 2 =a 2 +b 2 +c 2 + 2(ab + be + ca) = ^(a - b) 2 + (b-c ) 2 + (c-a) 2 J + 3(aZ? + Z?c + ca) 
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=> 15 2 > 3to t < 75 => t e [74; 75] 

, v a -j \ 4 180 44 r i , . 4 180 At —900 \ _ 

Xethamso f(t) = -t + — + — von t g [74;75] => / (t) = — —— = ———;/ (t) = 0 <=> t = ±15 

=>/(r)>/(l5) = 35 khi a = A,b = 5,c = 6 


Cau 36: Cho x, y, z e [0; 2] thoa man x + y + z = 3. Tim gia tri nho nhat cua bieu thiic 

P = ———- + ——\—- + ———~ + Jxy+Jyz + yfzx 
x 2 + y 2 +2 y 2 + z +2 z +x 2 + 2 y y 


Bai giai 

Ta co: x 2 + y 2 +2 = (x 2 + l) + (y 2 +l)>2(jt + y), ;-<Jxy< 3y + 1 ,.... 


Nen P<- —+ —^— + —*—+xy + yz + zx + 3 
2|_x+y y + z z + x 

Taco (x + y + z)(xy + yz + zx)>9x;yz 


=> (x+ y)(y + z)(z + x) = (x+ y + z)(xy + yz + zx)-xyz > + y + z)(xy + yz + zx) 

111 _ (x + y)(> + z) + (y + z)(z + x) + (x+y)(z + x) 

x+y y + z z+x (*+y)(y+z)(z+*) 

_(x+y + zf +xy+yz+zx (x+y +zf + xy + yz +zx 27 3 

(x+yX^ *)(*+*) “ !( J+y+z )(^, + 3 , z+K ) “ s(xy+yz + zx) + g 

c n lT 27 271 

Suyra P<-\ -r + xy+yz+ zx + — 

J 2[8 (xy + yz + zx) 8j 

Bat t = xy + yz + zx 

Do x,y,ze[0-,2]^(2-x)(2-y)(2-z)>0oxy + yz+zx> 4+ £ yZ >2^t>2 
Matkhac: xy + yz + zx<-(x+y + zf = 3=>t<3. Vay te[2;3] 

Ta “ p 4[f + ' + f]- /W 

Xet ham so f(t) vai t e[0;2] ta co /’(*) = - t-^ =——^->0Vt e [2;3] nen ham so f(t) dong bien 

2\_ St J I6r 

tren [2;3].=>/(»)s/(3) = j 

Do f</(l)=>Pi£. C<5 P = ^khi x = y = z = 1 

Vay gia tri nho nhat cua P la ^ dat dugc khi x = y = z = 1 
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Cau 36: Cho 3 so thyc x, y, z thuoc doan [ 1 ;4] va thoa man x+y + z. = 6. Tim gia tri nho nhat ciia bieu 


there T = 


, x +/-1 


8(* 2 + y 2 ) xyz 


Ta co T = - 


, x 2 + y 2 -l 


Bai giai 

z | * 2 + / _1_ 

i(v 2 + y 2 ) xyz xyz 


x 2 + y 2 

Voi x, y, z thuoc doan [1;4] va thoa man x + y +z = 6 ta co- — > 2 

xy 

(v-l)(y-l) = xy-x-y+l>0=>xy>x+y-l = 5-z => — >- -3— 

xyz (5-z)z 

x 2 + y 2 =(x+ y) 2 - 2xy = (6 - z) - 2xy < (6 - z) 2 - 2(5 - z) = z 2 -lOz + 36 
z .21 


8(z 2 -10z + 26) z z(5-z) 


Xet hieu 


8(z 2 -10z + 26) z z(5-z) 


1_(z-4) 2 (4z 2 -45z + 117) 
2 _ 8z(5-z)(z 2 -10z + 26) 


>0Vze[l;4] 


Do do T> —. Vdi x-y = l,z-4=>T = — 
2 2 

Vay gia tri nho nhat cua T la MinT = — 



















